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1 General Introdu
tion

A primary goal of modern number theory is to understand the absolute Galois

groups of 
ertain 
lasses of �elds, among them number �elds and their 
ompletions.

During the 20th Century, it be
ame 
lear that one of the best ways to study a group

is to study its representations, and one of the best pla
es to look for representations

is in algebrai
 geometry. Even before Grothendie
k's theory of s
hemes, algebrai


geometers 
ould think of an abelian variety A \de�ned over a �eld K," and thus

number theorists 
ould represent the Galois group G = Gal(K=K) by its a
tion

on (what we now 
all) the geometri
 points A(K). It is in this 
ontext that the

Galois representation whi
h we now know as the \`-adi
 Tate module" T

`

(A) was

�rst studied by Weil. Classi
ally, T

`

(A) = lim

 �

A(K)[`

n

℄, the limit taken with respe
t

to the maps A(K)[`

n

℄ ! A(K)[`

n�1

℄ indu
ed by multipli
ation by `. If K is the

�eld of fra
tions of a mixed 
hara
teristi
 (0; p) dis
rete valuation ring R and A

is \de�ned over R" with good redu
tion, then T

`

(A) for ` 6= p turns out to be an

unrami�ed G -module. Thus, when R has �nite residue �eld k, the G -a
tion in su
h


ases is determined by the a
tion of a �xed 
hoi
e of arithmeti
 Frobenius element

in G =I = Gal(k=k)

�

=

b

Z. Weil proved that this a
tion has 
hara
teristi
 polynomial

in Z[x℄ independent of ` 6= p, en
oding the number of k-rational points on the

\redu
tion" of A.

However, T

p

(A) is mu
h more mysterious. The reason be
ame apparent during

the development of the theory of group s
hemes: the �nite 
at p

n

-torsion group

s
hemes A [p

n

℄ of the N�eron model of A over R are not �etale (whereas A [`

n

℄ is �etale

for ` 6= p). From the modern point of view, we �nd that the R-group s
heme A [p

n

℄

en
odes a lot of subtle information about A. On the other hand, sin
e 
harK = 0,

the generi
 �ber of A [p

n

℄ is �etale, so there is a fully faithful fun
tor A

K

[p

n

℄  

A[p

n

℄(K) whi
h identi�es the p-power torsion generi
 �ber group s
heme A

K

[p

n

℄

with the Galois module stru
ture on its geometri
 points A(K)[p

n

℄. Thus, as we

will dis
uss in Part II, studying the Tate module T

p

(A) is equivalent to studying

the generi
 �bers A

K

[p

n

℄. However, the p-adi
 Tate module Galois representation is

highly rami�ed and so 
an only be understood through a study of the stru
ture of

the various s
hemes A [p

n

℄. This interplay between relative geometry and (generi
)

Galois modules allowed Tate to prove several remarkable theorems [11℄. Before we

dis
uss Tate's theorems, we provide some motivation.

If A is a 
ompa
t 
onne
ted 
omplex Lie group of dimension g (e.g., A = X

an

for an abelian variety X over C), then there is an isomorphism of 
omplex Lie

groups A

�

=

V=�, where V = H

0

(A;


1

)

_

is a g-dimensional C-ve
tor spa
e and

� = H

1

(A;Z) is a full latti
e in V . It is a 
lassi
al (analyti
al) result that there is

a 
anoni
al de
omposition

H

1

(A;C) = H

0

(A;


1

)�H

0

(A;


1

);(1)

where 


1

is the sheaf of holomorphi
 1-forms on A and 


1

is the sheaf of anti-

holomorphi
 1-forms. If A

_

is the dual 
omplex torus (
onstru
ted 
lassi
ally as

V

_

=�

?

if A = V=�) and t (resp. t

�

) denotes the tangent spa
e (resp. 
otangent

spa
e) at the identity, we may rewrite (1) as

Hom

Z

(H

1

(A;Z);C) = t

A

_

� t

�

A

:

3



In the 
ase of an abelian variety over a lo
al �eld K, Tate proved that there is

a similar de
omposition in the �etale 
ohomology after extending s
alars to C

K

(the


ompletion of an algebrai
 
losure of K). To understand the statement, we re
all

what it means to twist a Galois module by a multipli
ative 
hara
ter of the Galois

group. If G = Gal(K=K) and � : G ! K

�

is any 
ontinuous multipli
ative 
hara
ter

of G , then given a G -moduleM we de�ne the twist of M by �, denoted M(�), to be

the same underlying K-ve
tor spa
e with a new a
tion given by (s;m) 7! �(s)s(m).

In the 
ase where � is the p-adi
 
y
lotomi
 
hara
ter "

p

: G ! Aut(�

p

1

(K)) =

Z

�

p

, we will write M(n) for M("

n

p

). Tate showed that for the natural G -a
tion on

C

K

, there is a 
anoni
al G -equivariant de
omposition, now 
alled the Hodge-Tate

de
omposition,

Hom

Z

p

(T

p

(A);C

K

) = (t

A

_




K

C

K

)� (t

�

A




K

C

K

(�1)):(2)

(The analogy with the 
lassi
al Hodge de
omposition (1) over C is made 
learer

when we observe that for A = V=�, T

p

(A)

�

=

Z

p




Z

H

1

(A;Z).) Like the 
lassi
al

Hodge de
omposition, the proof of the Hodge-Tate de
omposition relies heavily on

(rigid) analyti
 te
hniques. For a �nite-dimensional K-ve
tor spa
e V with a 
on-

tinuous G -a
tion, the property (generalizing (2)) that the semi-linear representation

V 


K

C

K

break up as a dire
t sum of various twists C

K

(n) is a strong 
ondition

(as we will see in Part II). Therefore Tate's analyti
 result gives some insight into

the Galois-module stru
ture of the p-adi
 Tate module T

p

(A) (whi
h is an algebrai


obje
t).

Tate proved the Hodge-Tate de
omposition in the more general 
ontext of p-

Barsotti-Tate groups. Given a base s
heme S and an abelian s
heme A of relative

dimension g over S, the �rst step in forming a \p-adi
 Tate module over S" is the

formation of the (s
heme-theoreti
) kernels A [p

n

℄. These are �nite lo
ally free S-

group s
hemes of order p

2gn

and the 
anoni
al 
losed immersion A [p

n

℄ ,! A [p

n+1

℄

identi�es A [p

n

℄ with the kernel of [p

n

℄ on A [p

n+1

℄. For reasons whi
h will be
ome


lear shortly, it is to our advantage to view (A [p

n

℄) as a dire
ted system of �nite

lo
ally free 
ommutative S-group s
hemes. If A

0

is another abelian s
heme over S,

then any map of abelian s
hemes A ! A

0

over S indu
es a 
ompatible 
olle
tion of

maps A [p

n

℄! A

0

[p

n

℄ over S, so there is a fun
tor pBT

S

from abelian s
hemes over

S to 
ertain dire
ted systems of �nite lo
ally free 
ommutative S-group s
hemes.

In general, a dire
ted system of �nite lo
ally free 
ommutative S-group s
hemes

G = (G

n

; i

n

) su
h that G

n

has order p

nh

(for a �xed h) and i

n

: G

n

! G

n+1

is

a 
losed immersion identifying G

n

with G

n+1

[p

n

℄ will be 
alled a p-Barsotti-Tate

group over S. Homomorphisms between p-Barsotti-Tate groups G ! H are just


ompatible systems of morphisms G

n

! H

n

. We see that the fun
tor pBT

S

takes

values in the 
ategory of p-Barsotti-Tate groups over S. Any p-Barsotti-Tate group

is automati
ally equipped with faithfully 
at group morphisms j

n

: G

n

! G

n�1

generalizing \multipli
ation by p" A [p

n

℄! A [p

n�1

℄ for abelian s
hemes.

In the 
ase of an abelian s
heme over R, taking points in K yields the inverse

system of Galois modules (G

n

(K); j

n

(K)) whose limit is exa
tly T

p

(A

K

), and there-

fore we see that we may re
over T

p

(A

K

) from pBT

R

(A ). By analogy with the


ase of an abelian s
heme over R, given a p-Barsotti-Tate group G = (G

n

) over

R, we de�ne the generi
 �ber G

K

of G to be the system ((G

n

)

K

; (i

n

)

K

) formed by

4



the generi
 �bers of the �nite stages and we de�ne the Tate module T (G) of G to

be T (G

K

) = lim

 �

G

n

(K), a �nite free Z

p

-module with 
ontinuous G -a
tion. Tate's

general result says that for any p-Barsotti-Tate group (G

n

) over R,

Hom

Z

p

(T (G);C

K

)

�

=

(t

G

_




K

C

K

)� (t

�

G




K

C

K

(�1))

(where t

G

and t

G

_

are the \tangent spa
es" of G and its \dual" p-Barsotti-Tate

group G

_

). Most of this thesis is devoted to proving this result and explaining the

numerous tools from algebrai
 geometry and number theory (not all of whi
h are

easily a

essible in the literature) whi
h are required for the proof.

Having established the Hodge-Tate de
omposition for arbitrary p-Barsotti-Tate

groups, Tate was then able to use it to prove the astonishing fa
t (whi
h we will 
all

the Isogeny Theorem) that the generi
 �ber fun
tor G G

K

is fully faithful on the


ategory of p-Barsotti-Tate groups over R. Be
ause 
harK = 0, the generi
 �ber of

any p-Barsotti-Tate group is �etale, and it follows that G  T (G

K

) de�nes a fully

faithful fun
tor. Thus, we see that a p-Barsotti-Tate group G over R is 
ompletely

determined by its Tate module T (G) (or, equivalently, by G

K

). Su
h an equivalen
e

with the generi
 �ber is manifestly untrue for �nite 
at group s
hemes over R (e.g.,

both the 
onstant group Z=pZ and the group �

p

have the same generi
 �ber over

Z[�

p

℄, but they are quite di�erent on the 
losed �ber, so the generi
 isomorphism

determined by 1 7! �

p

will not extend to an isomorphism over the entire base). Thus,

the Isogeny Theorem is a deep theorem about the entire system (G

n

). In Part I,

we will develop a theory of formal groups over R whi
h will allow us to en
apsulate

all of the data about the system (G

n

) in a single obje
t, the \dire
t limit formal

group" lim

�!

G

n

. In order to allow su
h natural 
onstru
tions as the 
onne
ted-�etale

sequen
e in the formal 
ase, we will need to work over rather general (highly non-

Noetherian) base rings when setting up the theory. The dire
t limit formal group

of a p-Barsotti-Tate group will be 
alled a p-divisible group.

The proof of Tate's theorems pro
eeds in two general stages. We will �rst study

the formal properties of p-divisible groups whi
h be
ome apparent only in the limit.

In parti
ular, we will atta
h an invariant, the \dimension," to a p-Barsotti-Tate

group G = (G

n

) by showing that the \
onne
ted" p-divisible group G

0

arising

from the 
onne
ted 
omponents of the G

n

is a \formal Lie group." (The \formal

smoothness" property inherent in G

0

is invisible at every �nite stage, and is an

example of a property whi
h 
an only be seen in the limit.) After looking at the

formal properties of p-divisible groups, we will use the formally smooth stru
ture

of 
onne
ted p-divisible groups to give an analyti
 
onne
tion between the �nite

stages of p-Barsotti-Tate groups and the limiting p-divisible groups. In parti
ular,

we will atta
h a rigid analyti
 group G

an

over K (arising from the \
onne
ted


omponent") to a p-Barsotti-Tate group G over R. Given su
h an analyti
 group

G

an

, we will de�ne a logarithm whi
h analyti
ally identi�es a neighborhood of the

identity of G

an

with a neighborhood of the origin in the tangent spa
e t

G

of G

an

at the identity. Using Cartier duality, we will prove the essential result relating

the dual of the Tate module of G

K

to t

G

, and this will imply the remarkable fa
t

that Hom

Z

p

(T (G

K

);C

K

) admits a Hodge-Tate de
omposition whi
h en
odes the

dimension of G (over R). This provides the 
ru
ial link between T (G) and the

global properties of G over R. Finally, the smoothness of the 
onne
ted 
omponent

5



of G will enable us to 
al
ulate the dis
riminant of the \�nite 
at" map [p

n

℄ : G! G

by an analysis of the di�erential forms on G. This 
al
ulation, 
ombined with the

\dimension sensitivity" of T (G), will imply the Isogeny Theorem.
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Notation and prerequisites

We maintain the usual 
onventions regarding the rational integers, rational numbers,

and 
omplex numbers, denoting these by Z, Q, and C respe
tively.

We assume familiarity with several non-trivial topi
s (we list ea
h with its rele-

vant notation):

1) Lo
al 
lass �eld theory and Galois 
ohomology (e.g., [10℄).

Notation. A lo
al �eld K will always be a �eld of 
hara
teristi
 zero 
omplete with

respe
t to a dis
rete valuation, with residue �eld of positive 
hara
teristi
.

(In general, we say that a dis
rete valuation ring R is mixed 
hara
ter-

isti
 (0; p) to indi
ate that the fra
tion �eld of R has 
hara
teristi
 zero,

while the residue �eld has 
hara
teristi
 p.) We will denote by C

K

the


ompletion of an algebrai
 
losure K of K.

The symbol G will be reserved for the absolute Galois group of K (i.e.,

Gal(K=K)); we will usually use H to denote either an open or 
losed

subgroup of G . We will use K

1

to denote a Z

p

-extension of K, and we

will write g = Gal(K

1

=K).

The p-adi
 
y
lotomi
 
hara
ter of G will be denoted by "

p

: G ! Z

�

p

;

it is determined by the a
tion of G on the p-power roots of unity in

K. In general, given a G -a
tion on an O

K

-module M and a 
ontinuous

multipli
ative 
hara
ter � : G ! O

�

K

, the twist of M by �, denoted

M(�), is de�ned to be the same underlying O

K

-module with the new

a
tion g:m = �(g)g(m). In the 
ase of the p-adi
 
y
lotomi
 
hara
ter,

the twist M("

n

p

) will be written M(n).

2) Basi
 elements of the theory of s
hemes.

Notation. Given an S-s
heme X and a morphism T ! S, we will denote by X

T

the

base 
hange X �

S

T . Given maps f : T ! S and g : X ! S, we will use

T �

f;S;g

X to denote the �ber produ
t T �

S

X when we want to make

the maps expli
it.

3) Knowledge of �nite group s
hemes, at least at the level of Tate's arti
le [12℄ (in-


luding the 
onne
ted-�etale sequen
e over a Henselian lo
al base) or the appropriate

se
tions of Waterhouse's book [13℄, espe
ially the theory of Cartier duality for �nite

lo
ally free 
ommutative group s
hemes. More generally, we expe
t that the reader

has at least heard of aÆne group s
hemes and is aware of the Hopf-algebrai
 dual

formulation of the theory.

Notation. A �nite S-group s
heme will always be assumed to be a �nite lo
ally

free 
ommutative group s
heme over S. (We will drop the 
ommutativity

hypothesis on rare o

asions; this will be made expli
it when it happens.)

We will write jGj for the order of a �nite group s
heme G. We will often

refer to an S-group s
heme as an S-group. If G is an ordinary �nite

abelian group, we will let G

S

(or simply G when the base is 
lear from


ontext) denote the 
onstant S-group sending an S-s
heme T to lo
ally


onstant fun
tions T ! G.

7



Finally, we use the symbols �, �, and � to denote the end of proofs, examples,

and remarks, respe
tively.
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Part I

Formal groups

Let A

R

be the 
ategory of (
ommutative unitary) R-algebras. Given a p-Barsotti-

Tate group (G

n

) over R and an obje
t A 2 ObjA

R

, the groups G

n

(A) form a

dire
ted system of Z-modules, so there is a 
ovariant fun
tor G : A  lim

�!

G

n

(A).

Unfortunately, G is not represented by an R-s
heme, essentially be
ause there is no

s
heme large enough to simultaneously en
ode G(A) for all R-algebras A. However,

whenR belongs to a 
ertain 
lass of rings (in
luding 
omplete lo
al Noetherian rings)

we will see that by restri
ting our attention to the 
ategory F

R

of �nite Artinian

R-algebras, we 
an su

essfully \represent" G. Geometri
ally, this is the same as

restri
tion our attention to in�nitesimal neighborhoods of points of the various G

n

.

We 
all a set-valued fun
tor on F

R

a formal fun
tor .

In this Part, we will rigorously 
onstru
t formal fun
tors and des
ribe the ways

in whi
h we 
an represent them. Restri
ting our attention to group-valued formal

fun
tors, we will formulate a theory of 
ommutative formal groups whi
h we will use

in Part II to assemble p-Barsotti-Tate groups, initially de�ned as dire
ted systems

of �nite groups, into single group obje
ts, p-divisible groups, whi
h we 
an study ge-

ometri
ally (using smoothness, di�erential forms, et
.). Our study of formal groups

will produ
e results whi
h are parallel to standard results in the theory of �nite

group s
hemes.

Following our 
onstru
tion of the general theory of (
ommutative) formal groups,

we will 
onsider two important spe
ializations: formal groups in positive 
hara
-

teristi
 and formal Lie groups. These two spe
ializations will 
ome together in

Part II (Theorem 6.2.1) when we prove the 
ru
ial theorem of Serre and Tate that

over a 
omplete Noetherian lo
al ring with residue 
hara
teristi
 p, \
onne
ted" p-

divisible groups are identi�ed with formal Lie groups for whi
h multipli
ation by p

is an \isogeny." (Our proof a
tually applies to a slightly larger 
lass of base rings.)

Finally, we will study dis
riminants in lo
ally free ring extensions in order to 
al
u-

late the dis
riminants of isogenies of formal Lie groups. These 
al
ulations will be

essential for the proof of Tate's Isogeny Theorem.

2 Generalities

Before we de�ne formal groups, we give some \pro-algebrai
" preliminaries. For

the most part, we will only state the basi
 properties and theorems of pro-algebra,

indi
ating with a few words the essen
e of a proof or an espe
ially important te
h-

nique whi
h we will use in the sequel. The most a

essible sour
e for this material

is [1℄, where the reader will �nd a 
lear and enlightening treatment whi
h 
olle
ts

in a single do
ument the relevant material (with 
omplete proofs) from Gabriel's

development of these topi
s in SGA

3

.

After our dis
ussion of pro-algebra, we de�ne formal groups and dis
uss their

general properties in preparation for a more detailed study beginning in Se
tion 3.
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2.1 Pro-algebra and formal fun
tors

Let us begin our study of pro-algebra with some motivation. Suppose R is a 
om-

mutative ring. In the theory of �nite R-groups, it is entirely natural to 
onsider the


onstant group G for an ordinary �nite abelian group G whi
h represents the fun
tor

sending an R-s
heme T to the lo
ally 
onstant fun
tions T ! G. The aÆne algebra

of G is

Q

g2G

R = Hom

sets

(G;R) with the obvious Hopf stru
ture. If f : G ,! G

0

is

an inje
tion of �nite groups, the 
orresponding map on R-algebras is the surje
tion

Q

g

0

2G

0

R�

Q

g2G

R given by proje
tion (identifying G with f(G)).

In the 
ase of the 
onstant p-Barsotti-Tate group (

1

p

n

Z=Z), we expe
t by analogy

with ordinary groups that the 
orresponding \
onstant p-divisible group" should be

Q

p

=Z

p

and we naturally expe
t the \aÆne algebra" of Q

p

=Z

p

to be

lim

 �

n

Y

1

p

n

Z=Z

R =

Y

Q

p

=Z

p

R;

whi
h we noti
e is highly non-Noetherian. Furthermore, it is natural to impose a

topology on

Q

Q

p

=Z

p

R whi
h allows us to retain the information that this group was

assembled from a parti
ular system of �nite groups.

The natural 
ategory of topologi
al rings to work in is the 
ategory of pseudo-


ompa
t rings, whi
h we will dis
uss before we use them as a tool to \geometrize"

the theory of formal groups in Se
tion 2.2.

2.1.1 Pseudo
ompa
t rings and pro�nite modules

We begin with a topologi
al ring R whi
h possesses a base for the topology at 0

de�ned by a 
olle
tion I

R

of (open) ideals of R. Requiring that the ring operations

be 
ontinuous with respe
t to this topology is the same as saying that a base at any

x 2 R is given by fx+ I : I 2 I

R

g. We say that R is separated if \

I2I

R

I = (0) and


omplete if it is separated and the natural map of topologi
al rings R! lim

 �

I2I

R

R=I

is an isomorphism. We will write (R; I

R

) when I

R

is not 
lear from 
ontext.

De�nition 2.1.1. A topologi
al ring (R; I

R

) is pseudo
ompa
t if R is 
omplete and

R=I is Artinian for all I 2 I

R

.

Example 2.1.2. The most natural examples of pseudo
ompa
t rings are Artinian

rings and 
omplete Noetherian lo
al rings. In fa
t, any Noetherian pseudo
ompa
t

lo
al ring must a
tually have the maximal-adi
 topology [1, Corollary 1.2.7℄. �

A linearly topologized R-module is a topologi
al R-moduleM (i.e., R�M !M

is 
ontinuous) whose topology is de�ned at 0 by a set of open submodules �

M

. We

say that M is separated if \

N2�

M

N = (0) and 
omplete if M is separated and the

natural map of topologi
al R-modules M ! lim

 �

N2�

M

M=N is an isomorphism. A

topologi
al R-algebra is a topologi
al R-module whi
h is simultaneously a topologi
al

ring.

De�nition 2.1.3. Given a pseudo
ompa
t ring R, a topologi
al R-module M is

pro�nite over R if M is 
omplete and M=M

0

is �nite over R for every M

0

2 �

M

. A

10



pro�nite R-algebra is a topologi
al R-algebra B whi
h is pro�nite as an R-module.

Write P

R

for the 
ategory of pro�nite R-modules (with 
ontinuous module maps)

and P

R

for the 
ategory of pro�nite R-algebras (with 
ontinuous R-algebra maps).

Remarks 2.1.4. 1) We did not require that the topology on a pro�nite R-algebra A

be de�ned by a base of open ideals. However, for future referen
e, we note that this

is in fa
t the 
ase. It suÆ
es to show that any open R-submodule M � A 
ontains

an open ideal of A. But the multipli
ation map A�A! A is 
ontinuous, so there

is an open R-submodule N � A su
h that N � N � M . By pro�niteness, A=N has

�nitely many generators over R; 
hoose e

1

; : : : ; e

r

in A whose images generate A=N .

Sin
e e

i

�0 = 0 for all i, we see that there is a some open R-submodule N

0

� N su
h

that e

i

�N

0

� M for all i, and therefore N

0

� A � N

0

� M , so A �N

0

is the desired

open ideal 
ontained in M . Thus, we have shown that if A is a pro�nite algebra

over a pseudo
ompa
t ring, then A is pseudo
ompa
t .

2) If M is pro�nite and M

0

� M is open, then M=M

0

is a
tually �nite over

one of the Artinian quotients R=I of R. Indeed, the map R�M !M !M=M

0

is


ontinuous andM=M

0

has the dis
rete topology, so for anym 2M , fr 2 R : rm � m

(mod M

0

)g � R is open. The rest follows be
ause M=M

0

is �nitely generated over

R. Thus, M=M

0

has �nite length over R. �

Example 2.1.5. While it is not true that any �nite module over R is pro�nite,

it is true that any �nitely presented R-module admits a unique pro�nite R-module

stru
ture (this follows from Proposition 2.1.9). Pro�niteness depends upon the

topology and not just on the module: given a �eld k, the power series ring k[[fX

i

g℄℄

in 
ountably many indeterminates is pro�nite with the topology determined by the

ideals

f(X

a

1

i

1

; : : : ;X

a

n

i

n

;X

j

(j 62 fi

1

; : : : ; i

n

g))g;

but not with the maximal-adi
 topology. (The quotient of k[[fX

i

g℄℄ by the non-
losed

ideal (fX

i

g) gives an example of a �nite module over a pseudo
ompa
t ring whi
h

is not pro�nite.) �

Example 2.1.6. If A is a �nite R-algebra, �nitely presented as an R-module (or

equivalently, as an R-algebra), then A with its unique pro�nite R-module stru
ture

is a pro�nite R-algebra (and therefore a pseudo
ompa
t ring by Remark 2.1.4(1)).

�

De�ning tensor produ
ts in su
h a way as to yield a useful theory of base 
hange

requires some 
are.

De�nition 2.1.7. Given two linearly topologized R-modules M and N , we de�ne

the 
ompleted tensor produ
t M

b




R

N to be the limit

lim

 �

(M=M

0




R=I

N=N

0

);

taken over triples (M

0

; N

0

; I) 2 �

M

� �

N

� I

R

su
h that I annihilates both M

0

and N

0

. This is linearly topologized with the inverse limit topology (with ea
h

M=M

0




R=I

N=N

0

dis
rete).
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It is not hard to see that

b


 is an asso
iative and 
ommutative bifun
tor on P

R

.

For arbitrary linearly topologized R-modules, the 
ompleted tensor produ
t is

not very useful be
ause there may not be any open ideal I whi
h annihilates an

open submodule M

0

. However, when M and N are pro�nite, the required triples

(M

0

; N

0

; I) abound. We see that in the de�nition ofM

b




R

N , we 
ould just as easily

have formed the limit over triples (M

0

; N

0

; I) drawn from any (R-module) bases for

topologies of M , N , and R and produ
ed the same result.

Proposition 2.1.8. The 
ategory P

R

is 
losed under

(1) produ
t and �nite dire
t sum (using the produ
t topology),

(2) inverse limit,

(3) 
ompleted tensor produ
t.

Furthermore, we see that the bifun
tor

b


 satis�es the usual universal property

with respe
t to bilinear maps in P

R

.

The basi
 Proposition governing maps in P

R

is the following [1, Theorem 1.2.2℄.

Proposition 2.1.9. Let R be a pseudo
ompa
t ring and M and N two pro�nite

R-modules. Suppose K �M is a 
losed submodule.

(1) Giving K the indu
ed topology and M=K the quotient topology, K and M=K

are pro�nite R-modules.

(2) If u : M ! N is a 
ontinuous map of modules, then u is 
losed. In parti
-

ular, inje
tions 
oin
ide with 
losed embeddings and surje
tions 
oin
ide with

topologi
al quotient maps.

(3) The 
ategory P

R

is abelian if we take monomorphisms to be inje
tions and

epimorphisms to be surje
tions.

Corollary 2.1.10. If R is a pseudo
ompa
t ring, a map f : M ! N of pro�nite

R-modules is a topologi
al isomorphism if and only if it is a 
ontinuous bije
tion.

Furthermore, any 
ontinuous map of pro�nite R-modules with dense image is a

surje
tion.

We see immediately that if M and N are pro�nite R-modules and J is a 
losed

ideal of R whi
h annihilates both M and N , then the natural map M

b




R

N !

M

b




R=J

N is an isomorphism.

Corollary 2.1.11. If (M

i

) is an inverse system of pro�nite R-modules with sur-

je
tive transition maps, then the natural map lim

 �

M

i

!M

i

is surje
tive. In parti
-

ular, lim

 �

is an exa
t fun
tor on the 
ategory of short exa
t sequen
es of pro�nite

R-modules.

Proposition 2.1.9 and its Corollaries make essential use of the non-trivial fa
t

that given an inverse system of R-module surje
tions u

i

: M

i

! N

i

with Artinian

kernels, the indu
ed map u : lim

 �

M ! lim

 �

N is a surje
tion. See [1, Theorem 1.2.2℄

for the details.

One basi
 
onsequen
e of the de�nition of pseudo
ompa
t rings is that they

behave in many ways like Artinian rings.
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Proposition 2.1.12. Let R be a pseudo
ompa
t ring. Given an open maximal ideal

m � R, the natural map R! R

m

is surje
tive and the kernel is a 
losed ideal. The

resulting quotient topology on R

m

makes it a pro�nite R-algebra and the map

� : R!

Y

R

m

(where the produ
t is taken over the open maximal ideals) is a topologi
al isomor-

phism.

Using Proposition 2.1.12, we 
an give the fundamental properties of

b


 [1, The-

orem 1.1.8 and Theorem 1.3.1℄. Given a pro�nite R-module M , de�ne M

m

=

M

b




R

R

m

.

Proposition 2.1.13. Let R ! S be a (
ontinuous) map of pseudo
ompa
t rings

and let M and N be pro�nite R-modules.

(0) The natural map R

b




R

M !M is an isomorphism.

(1) The operation M  M

b




R

S gives a fun
tor P

R

! P

S

, naturally 
ompatible

with 
omposites of maps of pseudo
ompa
t rings.

(2) The fun
tor M

b




R

( � ) : P

R

! P

R

is right-exa
t.

(3) Given an inverse system N

i

of pro�nite R-modules, the natural map

M

b




R

lim

 �

N

i

! lim

 �

(M

b


N

i

)

is a topologi
al isomorphism. In parti
ular, M

b




Q

N

i

�

!

Q

(M

b


N

i

).

(4) For ea
h open maximal ideal m � R, the natural map M ! M

m

is surje
tive

with 
losed kernel. The resulting quotient topology makes M

m

a pro�nite R

m

-

module and the natural map M !

Q

M

m

over R

�

!

Q

R

m

is a topologi
al

isomorphism. Thus, for any open ideal m � R, the natural map R

m




R

M !

R

m

b




R

M is an isomorphism. Similarly, there is a natural isomorphism

Hom

P

R

(M;N)

�

!

Y

Hom

P

R

m

(M

m

; N

m

):

(Proposition 2.1.13(4) follows from Proposition 2.1.12 and parts (0) and (3) of

Proposition 2.1.13.)

Remark 2.1.14. One 
an also show that for any pro�nite R-algebra A and any pseu-

do
ompa
t ring S, the pro�nite S-algebra A

b




R

S represents the fun
tor

Hom


ont

(A; � )

on P

S

(the 
ategory of pro�nite S-algebras). This gives a good notion of base 
hange,

whi
h we will exploit in our study of formal s
hemes (
f. Proposition 2.1.26). �

Corollary 2.1.15. If R is pseudo
ompa
t, M is a pro�nite R-module, and r � R

is a 
losed ideal, then (R=r)

b




R

M

�

!M=rM .
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De�nition 2.1.16. Given a pseudo
ompa
t ring R and a pro�nite R-module M ,

M is topologi
ally 
at (resp. topologi
ally faithfully 
at) if and only if for every

sequen
e S : 0! N

1

! N

2

! N

3

! 0 of pro�nite R-modules, M

b




R

S is exa
t if

S is exa
t (resp. if and only if S is exa
t). We 
all M topologi
ally free if there is

a topologi
al isomorphism M

�

=

Q

j2J

R for some index set J (where

Q

R is given

the produ
t topology).

Lemma 2.1.17. A pro�nite A-algebra � : A ! B is topologi
ally faithfully 
at if

and only if the stru
ture map � is inje
tive and topologi
ally 
at, and this is the

same as requiring that for ea
h open maximal ideal m � A the pro�nite A

m

-algebra

B

m

is non-zero and topologi
ally 
at.

Proposition 2.1.18. Over a 
omplete Noetherian lo
al ring, topologi
al (faithful)


atness is equivalent to (faithful) 
atness. If R is any pseudo
ompa
t ring and M

a �nite pro�nite R-module (resp. -algebra), then M is topologi
ally (faithfully) 
at

if and only if M is (faithfully) 
at.

The following Proposition will prove useful in Part II and illustrates some of the

te
hni
al workings of this subje
t. We will use this result to show that the limit of a

dire
t system of surje
tions of �nite group s
hemes is a surje
tion of formal groups.

Proposition 2.1.19. Fix a pseudo
ompa
t base ring R. If A

n

! B

n

is an in-

verse system of topologi
ally faithfully 
at maps of pro�nite R-algebras then A =

lim

 �

A

n

! lim

 �

B

n

= B is topologi
ally faithfully 
at. In parti
ular, an inverse limit

of topologi
ally 
at pro�nite R-algebras is topologi
ally 
at.

Proof. For any pro�nite A-module T and any 
olle
tion T

n

of 
losed submodules

of T , 
all fT

n

g a de�ning 
olle
tion if \T

n

= (0). It is not hard to see that fT

n

g

is a de�ning 
olle
tion of 
losed submodules of T if and only if the natural map

T ! lim

 �

T=T

n

is an isomorphism.

By de�nition the 
anoni
al map A! A

n

has 
losed kernel I

n

. Therefore, given

a pro�nite A-module M , de�ning M

n

to be I

n

M , we have

M =M

b




A

A = lim

 �

(M

b




A

A

n

) = lim

 �

M=M

n

:

Suppose

S : 0! N !M

f

�! P ! 0

is a short exa
t sequen
e of pro�nite A-modules 
ontainingM . De�ne N

n

=M

n

\N

and P

n

= f(M

n

). For every n, the sequen
e

S

n

: 0! N=N

n

!M=M

n

! P=P

n

! 0

is exa
t. Be
ause \M

n

= (0), we see that fN

n

g is a de�ning 
olle
tion of 
losed

submodules of N . By the exa
tness of lim

 �

on P

A

, where therefore see that fP

n

g is

a de�ning 
olle
tion of 
losed submodules of P . By Corollary 2.1.10, it is not hard

to see that

B

b




A

S

�

=

lim

 �

(B

n

b




A

S

n

)

�

=

lim

 �

(B

n

b




A

n

S

n

);
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the �rst isomorphism following be
ause

b


 
ommutes with lim

 �

and fB

n

b




A

S

n

g is


oinitial in the inverse system for B

b




A

S . But B

n

is topologi
ally 
at over A

n

, so

B

n

b




A

n

S

n

is exa
t. By the exa
tness of lim

 �

on short exa
t sequen
es of pro�nite A-

modules, we see that B is topologi
ally 
at over A. Similarly, by the left-exa
tness

of lim

 �

, we see that A ! B is inje
tive, and therefore B is topologi
ally faithfully


at over A by Lemma 2.1.17.

The following Proposition will be useful in our study of the 
onne
ted-�etale

sequen
e for formal groups. Re
all that a lo
al ring A is Henselian if every �nite A-

algebra breaks up as a produ
t of �nite lo
al A-algebras (whi
h are then themselves

Henselian).

Proposition 2.1.20. A pseudo
ompa
t lo
al ring R is Henselian.

Proof. Given a �nite R-algebra B, we see that B is a quotient of a �nite free R-

algebra B

0

. It 
learly suÆ
es to show that B

0

breaks up as a produ
t of �nite lo
al

R-algebras, so we may assume that B is �nitely presented as an R-module. By

Example 2.1.6, B is a pro�nite R-algebra, hen
e pseudo
ompa
t as a topologi
al

ring. Therefore, B

�

=

Q

B

m

, indexed by the open maximal ideals m � B. On

the other hand, every open maximal ideal of B must 
ontra
t to the unique (open)

maximal ideal m

R

of R by integrality. Be
ause open ideals are 
losed and 
ontinuous

maps of pro�nite R-algebras are 
losed, we see that B=m

R

B is a �nite pro�nite

R=m

R

-algebra. Thus, there 
an be only �nitely many open maximal ideals of B, so

B breaks up as a produ
t of �nitely many �nite lo
al R-algebras.

A more profound example of the resonan
e between Artinian and pseudo
ompa
t

rings is the following Proposition, whi
h will prove to be essential in the theory of

formal groups.

Proposition 2.1.21. Given a pseudo
ompa
t ring R and a pro�nite R-module M ,

the following are equivalent

(1) M is a proje
tive obje
t in P

R

;

(2) M is topologi
ally 
at over R;

(3) for any open maxmial ideal m � R, M

m

is topologi
ally free over R

m

.

We see from the proof in [1, Theorem 1.3.6℄ that topologi
ally free pro�nite

R-modules are proje
tive in P

R

.

The relationship with Artinian rings suggests one �nal Proposition whi
h will

prove to be a useful tool.

Proposition 2.1.22 (Formal Nakayama's Lemma). If (R;m; k) is a pseudo-


ompa
t lo
al ring and M is a pro�nite R-module su
h that M=mM = M

b




R

k

vanishes, then M = 0.

Proof. Choosing an open submodule M

0

� M , applying ( � )

b




R

k to the exa
t se-

quen
e

0!M

0

!M !M=M

0

! 0
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yields a surje
tion M

b




R

k � (M=M

0

)

b




R

k, so (M=M

0

)

b




R

k = 0. But M=M

0

is dis
rete, so there is an initial obje
t (M=M)

0




R

k in the inverse system for

(M=M

0

)

b




R

k and therefore 0 = (M=M

0

)

b




R

k = (M=M

0

)


R

k. But M=M

0

is �nite

over R, so by the usual form of Nakayama's Lemma, M=M

0

= 0. By 
ompleteness,

M = 0.

The following argument will be used often.

Corollary 2.1.23. Let (R;m; k) be a pseudo
ompa
t lo
al ring. If f :M ! N is a

map of topologi
ally 
at pro�nite R-modules, then f is an isomorphism if and only

if f

b


 k :M

b


 k ! N

b


 k is an isomorphism.

Proof. By the Formal Nakayama's Lemma, f is surje
tive if and only if f

b


 k is

surje
tive. But if this holds, then f splits by topologi
al 
atness (whi
h is the same

as proje
tivity), so therefore f is inje
tive if and only if f

b


 k is inje
tive.

Having given the proof, we will refer to this as a \standard Formal Nakayama's

Lemma argument" from now on.

We 
on
lude this rapid but unpleasantly dry review of pseudo
ompa
t rings

and pro�nite modules with a 
aveat to the reader: in order to make a natural and

eÆ
ient summary of the results we will use, we have not stated the results in \logi
al

dependen
e" order. It is advisable that a reader who wants a detailed understanding

of this material 
arefully read [1℄.

2.1.2 Formal fun
tors and pro-representability

Let R be a pseudo
ompa
t ring. Let F

R

denote the 
ategory of �nite Artinian

R-algebras (viewed as dis
rete pro�nite R-algebras by Example 2.1.2 and Remark

2.1.4(1)).

De�nition 2.1.24. A formal fun
tor is a set-valued fun
tor on F

R

.

In algebrai
 geometry, the study of s
hemes over a ring k is tantamount to the

study of a spe
i�
 full sub
ategory of the 
ategory of set-valued fun
tors on A

k

.

Abstra
tly, we 
ould de�ne an aÆne k-s
heme to be a set-valued fun
tor on A

k

whi
h is representable by an obje
t of A

k

, and an arbitrary k-s
heme is then a

fun
tor whi
h is \lo
ally aÆne." In a similar way, we single out a full \geometri
"

sub
ategory of the formal fun
tors to serve as the 
ategory of formal s
hemes.

However, we will not be able to represent a formal s
heme with an obje
t of F

R

.

Instead, we will \pro-represent" it with an obje
t of P

R

(the 
ategory of pro�nite

R-algebras).

Observe that for obje
ts A;B 2 ObjP

R

, Hom

P

R

(A;B) = lim

 �

Hom

P

R

(A;B=b),

where b ranges over the open ideals of B. Therefore, we 
an re
over A by Yoneda's

Lemma if we know the restri
tion of Hom

P

R

(A; � ) to F

R

. We 
all the formal fun
-

tor Hom

P

R

(A; � )j

F

R

the formal spe
trum of A, denoted Spf

R

A. We 
all Spf

R

A

topologi
ally (faithfully) 
at over R if A topologi
ally (faithfully) 
at over R.

De�nition 2.1.25. A formal fun
tor X : F

R

! Set is pro-representable if there is

an A 2 ObjP

R

su
h X

�

=

Spf

R

A. A pro-representable formal fun
tor is 
alled a

formal R-s
heme. We write A = O(X ).
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The usual arguments using Yoneda's Lemma apply to formal s
hemes. In par-

ti
ular, we see that the 
ategory of formal s
hemes is equivalent to the opposite


ategory P

op

R

. Let S
h

R

denote the 
ategory of formal R-s
hemes.

Proposition 2.1.26. The 
ategory S
h

R

has the following properties:

(1) Fiber produ
ts. Spf

R

(A)�

Spf

R

(C)

Spf

R

(B) = Spf

R

(A

b




C

B).

(2) Base 
hange. Given a pro�nite R-algebra R

0

, 
onsider the embedding F

R

0

,!

F

R

. The restri
tion of Spf

R

(B) to F

R

0

, denoted Spf

R

(B)

R

0

, is Spf

R

0

(B

b




R

R

0

).

If (R;m; k) is lo
al, we 
all Spf

R

(B)

k

= Spf

k

(B

b




R

k) the formal 
losed �ber

of B. More generally, if R ! R

0

is any 
ontinuous map of pseudo
ompa
t

rings, R

0

b




R

B is a pro�nite R

0

-algebra, so we may de�ne the base 
hange

of Spf

R

(B) to R

0

by Spf

R

(B)

R

0

= Spf

R

0

(B

b




R

R

0

); see Remark 2.1.14. Base


hange is 
ompatible with �ber produ
ts.

(3) Dire
t limits. If Spf

R

(B

i

) is a dire
ted system of formal s
hemes, then

lim

�!

Spf

R

(B

i

) = Spf

R

(lim

 �

B

i

):

(4) Formalization of �nite, �nitely presented R-s
hemes. Let Fin

R

denote the 
at-

egory of �nite, �nitely presented R-s
hemes. There is a fully faithful embedding

Fin

R

,! S
h

R

whi
h takes (faithfully) 
at �nite R-s
hemes to topologi
ally

(faithfully) 
at R-s
hemes.

Proposition 2.1.26(3) and Proposition 2.1.26(4) (together with Proposition 2.1.19)

are pre
isely what we need to assemble our p-Barsotti-Tate groups into formal limits

with good properties (e.g., topologi
al 
atness).

De�nition 2.1.27. If f : Spf

R

A ! Spf

R

B is a map of formal s
hemes, then by

Yoneda's Lemma f is indu
ed by a unique a map f

�

2 Hom

P

R

(B;A). We will 
all

f topologi
ally (faithfully) 
at if f

�

is topologi
ally (faithfully) 
at.

By analogy with ordinary algebrai
 geometry, we have the following Proposition.

Proposition 2.1.28 (Formal �berwise 
riterion). If A and B are topologi
ally


at over R, then a map f : Spf

R

A! Spf

R

B is topologi
ally (faithfully) 
at if and

only if the base 
hange f

m

: Spf

R

(A)

R=m

! Spf

R

(B)

R=m

is topologi
ally (faithfully)


at (as a map of formal R=m-s
hemes) for all open maximal ideals m � R.

Proposition 2.1.29. If f : A ! B is a map of pro�nite R-algebras and C is

a topologi
ally faithfully 
at pro�nite A-algebra, then f is �nite (resp. �nite free of

rank d, topologi
ally 
at, topologi
ally faithfully 
at, inje
tive, surje
tive) if and only

if the same is true for C ! C

b




A

B.

Sket
h of a proof. The result for inje
tivity, surje
tivity, topologi
al 
atness, and

topologi
al faithful 
atness follow easily from the de�nition of topologi
al faithful


atness on
e we note that the pro�nite R-module 
okernel of f is a pro�nite A-

module. The result for �niteness follows by redu
ing to the 
ase where A is lo
al

and then using the Formal Nakayama's Lemma to redu
e to the 
losed �ber, where
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all pro�nite modules are topologi
ally free. (We use the fa
t in this 
ase that if B

m

is �nite over A

m

for all open maximal ideals m � A and there is an upper bound on

the number of generators as m varies, then B is �nite over A.) The result in the


ase of a �nite free map of rank d follows by redu
ing to the 
ase where A is lo
al

(with some 
are) and 
ombining the �nite and topologi
ally 
at 
ases.

None of the Propositions of this se
tion is espe
ially diÆ
ult to prove, but they

would all entail a great digression from the purpose of this thesis. Complete proofs

may be found in [1℄.

2.2 Formal groups

We are now ready to 
onstru
t the obje
ts whi
h are of prin
ipal interest to us. Fix

a pseudo
ompa
t ring R throughout this se
tion.

De�nition 2.2.1. A formal R-group s
heme (or simply formal R-group) is a topo-

logi
ally 
at formal R-s
heme taking values in the 
ategory of groups.

While this all seems rather 
onvoluted, formal R-group s
hemes arise quite nat-

urally.

Example 2.2.2. Suppose R is a 
omplete Noetherian lo
al ring. Let G be any 
at

algebrai
 group s
heme over R (so that G is lo
ally of �nite type) with identity

se
tion " : Spe
R! G, and let m denote the 
losed point on the identity se
tion of

G. Given an R-s
heme T , 
all a point x 2 G(T ) a small point if T is a �nite Artinian

R-s
heme and the image of x : T ! G is supported at the 
losed point of the identity

se
tion. It is easy to see (be
ause " � " = " in the group law on G(Spe
R)) that

restri
ting G to small points gives a fun
tor

b

G : F

R

! Grp. Furthermore, sin
e

any small point fa
tors uniquely through (an Artinian quotient) of the lo
al s
heme

Spe
O

m;G

, we see that

b

G is pro-represented by the maximal-adi
 
ompletion

b

O

m;G

.

But G is 
at and lo
ally of �nite type over R, so O

m;G

is a Noetherian ring and is

faithfully 
at over R be
ause m lies over the 
losed point of Spe
R. By the basi


theory of Noetherian lo
al rings,

b

O

m;G

is faithfully 
at over O

m;G

. By the �nite type

hypothesis and Proposition 2.1.18, we see that

b

O

m;G

is a topologi
ally faithfully 
at

pro�nite R-algebra, and therefore

b

G = Spf

R

(

b

O

m;G

) is a formal R-group.

The 
onstru
tion of a formal group en
oding the group law near the identity was

�rst done in the 
ontext of Lie groups as a way of 
reating an obje
t intermediate

between the group and its Lie algebra. For algebrai
 groups over �elds of 
hara
-

teristi
 zero, the formal group so 
onstru
ted (with small points) yields no more

information than the Lie algebra of the group. However, when the base �eld has

positive 
hara
teristi
 p, the formal group 
an dete
t non-redu
ed phenomena whi
h

do not appear in the Lie algebra (whi
h 
an only see the redu
ed stru
ture on the

group). In parti
ular, the formal group

b

G stores information about p-power torsion

on G, whi
h may not appear geometri
ally in the form of 
lassi
al points. We will

see an important appli
ation of this idea in Part II when we study p-divisible groups

(e.g., those arising from abelian s
hemes). �
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Example 2.2.3. Applying Example 2.2.2 to the multipli
ative group G

m

, we get

the formal multipli
ative group

b

G

m

. WritingG

m

= Spe
R[x; x

�1

℄, we see by making

the 
hange of variable x = t+ 1 that

b

G

m

= Spf

R

R[[t℄℄.

Similarly, we may 
onstru
t the formal additive group

b

G

a

, and we see that if

G

a

= Spe
R[x℄, then

b

G

a

= Spf

R

R[[x℄℄. �

As in the 
ase of a �nite (or aÆne) group s
heme over R, the theory of formal

R-groups admits a dual formulation in terms of formal Hopf algebras. Suppose G =

Spf

R

A is a formal R-group. Using Yoneda's Lemma, we see that the multipli
ation,

the inversion morphism, and the identity se
tion give rise to maps of pro�nite R-

algebras

m

�

: A! A

b


A i

�

: A! A "

�

: A! R;


alled the (formal) 
omultipli
ation, antipode, and augmentation, respe
tively. Con-

versely, given three su
h maps whi
h satisfy the usual group axioms when viewed

as maps of formal s
hemes (i.e., given a formal Hopf algebra A), G = Spf

R

A is a

formal R-group.

Example 2.2.4. The formal Hopf maps for the formal multipli
ative group are:

m

�

(t) = 1

b


 t+ t

b


 1 + t

b


 t;

i

�

(t) = �

t

1 + t

;

"

�

(t) = 0:

(This 
omes from the usual Hopf maps for the multipli
ative group: m

�

(x) = x
x,

i

�

(x) = x

�1

, and "

�

(x) = 1, after our 
hange of variable x = t+ 1.)

Similarly, the formal Hopf maps for the formal additive group are the usual ones:

m

�

(x) = x

b


 1 + 1

b


x, i

�

(x) = �x, and "

�

(x) = 0. �

Using the Hopf-theoreti
 approa
h, we 
an also 
onstru
t formal group s
hemes

whi
h are not otherwise \geometri
ally intuitive."

Example 2.2.5. As an example, we 
an 
onstru
t a type of formal group whi
h

often arises in an arithmeti
 
ontext: a dis
rete (
onstant) 
ommutative group.

Given a 
ommutative (set-theoreti
) group G, we may de�ne the 
onstant group

G over R by de
laring G = Spf

R

A, where A =

Q

g2G

Re

g

with the formal Hopf

stru
ture given by

m

�

: e

g

7!

X

h`=g

e

h

b


 e

`

;

i

�

: e

g

7! e

g

�1
;

"

�

: e

g

7! Æ

g;1

;

and extended by 
ontinuity and linearity. In Theorem 3.1.6, we will see how to


onstru
t \twisted forms" of these 
onstant groups (whi
h be
ome untwisted over a

suitable extension ring). �

We will en
ounter numerous examples of formal groups in Part II, where we will

assemble p-Barsotti-Tate groups into formal limits.
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2.2.1 Duality

Re
all that for �nite lo
ally free 
ommutative group s
hemes over R, the usual

module-theoreti
 dualizing fun
tor sending the �nite lo
ally free algebra A to the

lo
ally free module

A

_

def

= Hom

R-mod

(A;R)

a
tually establishes a duality on the 
ategory of �nite 
ommutative R-group s
hemes.

This arises be
ause the module-theoreti
 dualizing fun
tor swit
hes the algebra maps

with the Hopf maps, and the resulting obje
t A

_

is a 
ommutative 
o
ommutative

Hopf algebra be
ause Spe
A is a 
ommutative R-group.

When we try to extend this to the 
ase of 
ommutative formal groups, we have

serious diÆ
ulty if we try to work over an arbitrary pseudo
ompa
t base. Let us

restri
t ourselves to the 
ase where R is a
tually an Artinian lo
al ring. Given a

pro�nite R-module M , the module M

_

= Hom

P

R

(M;R) is no longer pro�nite; it

is merely an R-module. In fa
t, we will see in a moment that it 
ould be any R-

module. On the other hand, be
ause R is Artinian, given an arbitrary R-module

N , the module N

0

= Hom

R

(N;R) has a natural pro�nite stru
ture given by N

0

=

lim

 �

Hom

R

(N

i

; R), where N

i

ranges over all �nite R-submodules of N . Thus, M  

M

_

gives a fun
tor P

R

! R-mod and N  N

0

gives a fun
tor R-mod! P

R

. This

suggests the following proposition. For te
hni
al reasons, we restri
t our fun
tors to

topologi
ally 
at (equivalently, topologi
ally free) pro�nite modules P

R;top. 
at

and


at (equivalently, free) R-modules R-mod


at

. (Part (1) of the following proposition

states that these restri
tions are respe
ted by the dualizing fun
tors.)

Proposition 2.2.6 (Formal duality). Let R be an Artinian lo
al ring, and let M

be a pro�nite topologi
ally 
at R-module and N a 
at R-module.

(1) M

_

is 
at and N

0

is topologi
ally 
at.

(2) There is a natural isomorphism M

�

! (M

_

)

0

and a natural isomorphism N

�

!

(N

0

)

_

given in both 
ases by sending an element of M (resp. N) to evaluation

of maps on that element. As fun
tors between P

R;top. 
at

and R-mod


at

,

M  M

_

and N  N

0

are exa
t, inter
hange dire
t produ
ts and dire
t

sums, and there are natural isomorphisms

M

_

1


M

_

2

�

! (M

1

b


M

2

)

_

and

N

0

1

b


N

0

2

�

! (N

1


N

2

)

0

:

(3) The fun
tors ( � )

_

and ( � )

0

are 
ompatible with lo
al Artinian base 
hange.

The proof of Proposition 2.2.6 is straightforward. The reader may again 
onsult

[1, Theorem 1.3.4℄ for details.

Corollary 2.2.7. Given an Artinian lo
al ring R, there is a duality between 
om-

mutative aÆne group s
hemes over R and 
ommutative formal R-groups.
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Composing with the formalization fun
tor (Proposition 2.1.26(4)), we see that

Cartier duality over R is nothing more than a restri
tion of the dualization be-

tween aÆne and formal group s
hemes over R to a sub
ategory whi
h is in \the

interse
tion" of the two.

The duality established in Corollary 2.2.7 will prove to be essential in several

of our 
onstru
tions, notably in our analysis of the Frobenius and Vers
hiebung

morphisms in Theorem 3.2.4 below.

2.2.2 Exa
t sequen
es

Now that we have 
onstru
ted formal groups, we will brie
y look at the maps

between them. In parti
ular, we will formulate the indispensible notion of an exa
t

sequen
e and 
he
k that exa
t sequen
es have good properties.

De�nition 2.2.8. Given a morphism g : G! H of formal R-groups, we say that g

is inje
tive if g

�

: O(H)! O(G) is surje
tive (i.e., g is a \formal 
losed immersion");

we say that g is surje
tive if g

�

: O(H)! O(G) is topologi
ally faithfully 
at. The

kernel of g is de�ned to be G�

H;"

H

S (the \formal s
heme-theoreti
 kernel").

Re
all in the 
ase of aÆne 
at algebrai
 R-groups that G! H is a 
losed immersion

if the 
orresponding ring map is surje
tive, and is 
alled \a quotient map" if the


orresponding ring map is faithfully 
at.

It is not always true that ker g is a formal R-group be
ause topologi
al 
atness

is not guaranteed by the formation of the formal s
heme-theoreti
 kernel unless

G ! H is topologi
ally 
at. However, when R is a �eld, topologi
al 
atness is

automati
.

The formation of 
okernels is a slighly more 
ompli
ated a�air. We give a brief

sket
h. For the sake of simpli
ity, we only treat the 
ase where R is lo
al, whi
h

suÆ
es for our purposes.

Lemma 2.2.9. Let R be a lo
al pseudo
ompa
t ring. A map of 
at formal Hopf

R-algebras A ! B is topologi
ally faithfully 
at if and only if it is inje
tive on the


losed �ber. Similarly, if R is also Artinian then a map of aÆne Hopf R-algebras is

faithfully 
at if and only if it is inje
tive on the 
losed �ber.

Sket
h of proof. By the (formal) �berwise 
riterion for faithful 
atness, we 
an as-

sume in the formal 
ase that R is a �eld k. Writing G = Spf

k

B and H = Spf

k

A,

we have a map � : G ! H 
orresponding to A ! B. Be
ause k is a �eld, we 
an

form the kernel K = ker � in the 
ategory of formal k-groups. We see by Yoneda's

Lemma that G �

H

G

�

! G �

k

K, and therefore we 
on
lude that G �

H

G is topo-

logi
ally faithfully 
at over G by the �rst proje
tion. The rest of the proof is a

(slightly diÆ
ult) exer
ise in pro-algebra [1, Theorem 2.1.3℄. In the aÆne 
ase, the

proof is mu
h more involved. One uses [7, Theorem 22.3(�)℄ and the fa
t that the

maximal ideal of R is nilpotent to redu
e to the 
ase where R is a �eld. For details

when R is a �eld, see [1, Theorem 2.1.3℄ (or [13, xx14.1, 14.2℄ for a more elementary

treatment).

Lemma 2.2.10. If (R;m; k) is an Artinian lo
al ring, and g : G! H is a morphism

of formal R-groups, then g is a surje
tion if and only if g

_

: H

_

! G

_

is an

inje
tion.
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Proof. Write B = O(G) and A = O(H). If g

_

is an inje
tion, then dualizing shows

that the indu
ed map g

�

: A ! B is a split inje
tion, hen
e g is a surje
tion by

Lemma 2.2.9. On the other hand, suppose g is a surje
tion, so that g

�

: A ! B

is topologi
ally faithfully 
at. By 
ompatibility with base 
hange, we see that g

�

k

:

A

k

! B

k

is a topologi
ally faithfully 
at map of pro�nite k-algebras, hen
e inje
tive.

But every pro�nite k-module is topologi
ally free, so we 
an apply Proposition 2.2.6

to 
on
lude that the dual map (g

�

k

)

_

: (B

k

)

_

! (A

k

)

_

is a surje
tion. By Proposition

2.2.6(3), we see that (g

�

)

_

k

: (B

_

)

k

! (A

_

)

k

is surje
tive. Sin
e m is nilpotent and

A

_

is 
at over R, we see that (g

�

)

_

= (g

_

)

�

is surje
tive [7, Theorem 7.10℄, so g

_

is

an inje
tion of aÆne R-group s
hemes.

Constru
tion. Suppose f : G! H is an inje
tion of 
ommutative formal R-groups.

By Lemma 2.2.10, we may dualize after 
hanging the base to R=r for an open ideal

r � R to yield f

_

R=r

: H

_

R=r

! G

_

R=r

, whi
h is a surje
tion of aÆne R=r-group s
hemes

by Lemma 2.2.9. Sin
e faithful 
atness is stable under base 
hange, we may form

the kernel g

_

: K

_

R=r

,! H

_

R=r

of f

_

R=r

in the 
ategory of aÆne R=r-groups. Dualizing

yields a surje
tion H

R=r

� K

R=r

of formal R=r-groups by Lemma 2.2.10. Using

the universal property of the kernel for K

_

R=r

(whi
h follows by Yoneda's Lemma),

we see that the K

R=r

form a dire
ted system of formal R-groups (with varying r).

Taking the dire
t limit yields a formal group s
heme K (topologi
ally 
at by [1,

Theorem 1.3.12℄) and a map � : H ! K whi
h is topologi
ally faithfully 
at (as

this is true over ea
h R=r). The 
omposite G ! H ! K is zero and G ! ker � is

an isomorphism (again working over ea
h R=r). We will 
all � : H ! K a 
okernel

for f ; we will write H=G to denote the 
okernel of an inje
tion G ,! H.

We note that formation of kernels and 
okernels is 
ompatible with base 
hange.

De�nition 2.2.11. Given 
ommutative formal R-group s
hemes G, H, and K, a


omplex

S : 0! K

f

�! G

g

�!H ! 0

is an exa
t sequen
e if g is a surje
tion and f is an inje
tion identifying K with

ker g.

The fundamental reason for De�nition 2.2.8 and De�nition 2.2.11 is that when

R is a �eld they make the 
ategory of formal R-groups into an abelian 
ategory (and

similarly for aÆne R-groups). We omit the proof [1, Theorem 2.1.4℄.

In general, we 
an form the 
okernel of a morphism f : H ! G if the kernel of

f is topologi
ally 
at over R: there is an indu
ed inje
tion

�

f : H= ker f ! G, and

we let the 
okernel of f be 
oker

�

f .

Note that by the formal �berwise 
riterion for topologi
al (faithful) 
atness, a

sequen
e S is exa
t if and only if g Æ f = 0 and S

R=m

is exa
t for all open maximal

ideals m � R. We de�ne longer exa
t sequen
es in terms of fa
torization into short

exa
t subsequen
es.

From the 
onstru
tion of 
okernels (and 
onsiderations on the 
losed �ber, where

the 
ategory is abelian, and Artinian �bers, where we have formal duality), we easily

dedu
e the following basi
 fa
t whi
h allows us to work with exa
t sequen
es.
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Theorem 2.2.12. Let R be an Artinian lo
al ring and S an arbitrary pseudo
om-

pa
t lo
al ring.

(1) A diagram 0 ! K ! G ! H ! 0 of 
ommutative formal R-groups is short

exa
t if and only if the dual diagram of aÆne (
at) 
ommutative R-groups is

short exa
t.

(2) If 0 ! K ! G ! H ! 0 is a short exa
t sequen
e of 
ommutative formal

S-groups and f : G ! G

0

is a map to a 
ommutative formal S-group whi
h

kills K, then f uniquely fa
tors through G! H.

3 Spe
ializations

The goal of this se
tion is to study the di�erent �bers of a 
ommutative formal group

s
heme over a pseudo
ompa
t lo
al ring (R;m; k) with positive 
hara
teristi
 
losed

point. We �rst introdu
e a fundamental tool, the 
onne
ted-�etale sequen
e, and


arefully 
onstru
t it. Then we will look at one parti
ular 
lass of 
onne
ted formal

R-groups, formal Lie groups. Finally, we will exhibit 
ertain morphisms whi
h

only exist in positive 
hara
teristi
, the Frobenius and Vers
hiebung morphisms.

These two morphisms will help us relate formal Lie groups to the formal limits of

p-Barsotti-Tate groups in Part II.

3.1 The Conne
ted-

�

Etale Sequen
e

Over a lo
al pseudo
ompa
t base ring (R;m; k), any 
ommutative formal group

s
heme �ts into a 
anoni
al exa
t sequen
e

0! G

0

! G! G

�et

! 0;

where G

0

is 
onne
ted and G

�et

is �etale. These parts 
orrespond to the 
onne
ted


omponent and 
omponent group of a Lie group or an algebrai
 group. As des
ribed

below in Theorem 3.1.6, the �etale quotient G

�et

is equivalent to a 
ertain kind of

Gal(k

s

=k)-module. The 
onne
ted 
omponent G

0

has a more subtle stru
ture, whi
h

we will only understand in 
ertain spe
ial 
ases.

3.1.1 The �etale di
tionary

Given a morphism of formal R-s
hemes f : Spf

R

B ! Spf

R

A, we 
an 
onstru
t the

module of formal di�erentials

b




1

B=A

, whi
h represents the fun
tor taking a pro�nite

B-module M to the pro�nite B-module of 
ontinuous A-linear derivations B !

M . Con
retely,

b




1

B=A

= lim

 �




1

(B=b)=(A=a)

, where (b; a) ranges over pairs of open

ideals su
h that (f

�

)

�1

(b) � a, and we see that

b




1

B=A

is a pro�nite B-module.

The properties of the module of di�erentials familiar from elementary 
ommutative

algebra 
arry over to the formal 
ategory. In parti
ular, the formation of

b




1

B=A

is 
ompatible with base 
hange on A and base 
hange by an arbitrary 
ontinuous

map of pseudo
ompa
t rings R! R

0

, as an easy argument using Yoneda's Lemma

shows. For psy
hologi
al reasons, we will write 


1

T=S

for

b




1

B=A

when T = Spf

R

B

and S = Spf

R

A.
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Lemma 3.1.1. If f : T = Spf

R

(B) ! Spf

R

(A) = S is a map of formal s
hemes

with a se
tion s, then there is a natural isomorphism of pro�nite A-modules

s

�




1

T=S

def

= A

b




B




1

T=S

�

=

t

�

s

def

= I=I

2

;


ompatible with base 
hange in S, where t

�

s

is the formal relative 
otangent spa
e

along the se
tion s and I is the augmentation ideal of the se
tion s.

Proof. The proof follows easily from Yoneda's Lemma on
e we note that s

�

b




1

B=A

represents A-linear 
ontinuous derivations from B to B-modules on whi
h B a
ts

through the augmentation given by s.

De�nition 3.1.2. A map T ! S of formal R-s
hemes is formally �etale if it is

topologi
ally 
at and 


1

T=S

= 0.

By fun
toriality, it is easy to see that the property of being formally �etale is stable

under base 
hange on A, pseudo
ompa
t base 
hange on R, and that it des
ends

through topologi
ally faithfully 
at base 
hange. When R is a �eld k, the property

of being formally �etale des
ends through base 
hange by an arbitrary �eld extension

k

0

=k.

Lemma 3.1.3. If k is a �eld and A a pro�nite k-algebra, then Spf

k

A is formally

�etale over Spf

k

k if and only if A is a produ
t of �nite separable extensions of k.

Proof. By des
ent along �eld extensions, we may assume k is algebrai
ally 
losed.

Be
ause A is pro�nite, A =

Q

A

m

, the produ
t taken over all open maximal ideals

of A, so we may assume A is lo
al by fun
toriality. We are then done by Lemma

3.1.1 and the Formal Nakayama's Lemma.

Proposition 3.1.4. If G is a topologi
ally 
at formal s
heme over R, then G is

formally �etale over R if and only if the (formal) 
losed �ber of G is formally �etale

over k.

Proof. By fun
toriality, 


1

G

k

=k

= 


1

G=A

b




A

k, and this is the zero module if and only

if 


1

G=A

= 0 by the Formal Nakayama's Lemma (be
ause 


1

G=A

is also a pro�nite

A-module).

Re
all that pseudo
ompa
t lo
al rings are Henselian (Lemma 2.1.20). In the

theory of s
hemes, it is natural to think of Henselian lo
al rings as analyti
 neigh-

borhoods of their 
losed points. The same intuition 
arries over into the formal


ategory. Fix a lo
al pseudo
ompa
t ring (R;m; k) and �x a separable 
losure k

s

of

k. In the 
ase of ordinary s
hemes over a Henselian lo
al base (R;m; k), the 
losed

�ber fun
tor establishes an equivalen
e of 
ategories between �nite �etale R-s
hemes

and �nite �etale k-s
hemes, whi
h are in turn identi�ed with �nite sets with a 
ontin-

uous a
tion of the Galois group Gal(k

s

=k). A similar fa
t is true for formally �etale

formal R-s
hemes.

Proposition 3.1.5. The 
losed �ber fun
tor establishes an equivalen
e of 
ategories

between formally �etale formal R-s
hemes G and formally �etale formal k-s
hemes G

k

.
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Proof. Be
ause the property of being formally �etale is stable under base 
hange, if

G is formally �etale over R then G

k

is formally �etale over k. Conversely, given some

formally �etale G

k

over k, write G

k

= Spf

k

(

Q

i2I

k

i

), where k

i

is a �nite separable

extension of k. Let A

i

= R[[x℄℄=(f

i

(x)), where f

i

is any (moni
) lift of the minimal

polynomial for a primitive element �

i

for k

i

=k. It is easy to see that A

i

is �nite

free (hen
e pro�nite topologi
ally 
at) and lo
al, and that the residue �eld of A

i

is

pre
isely k

i

. Thus, G = Spf

R

(

Q

A

i

) is a formally �etale lift of G

k

to R by Proposition

3.1.4.

It remains to 
he
k that this lift is unique up to unique isomorphism. If G

0

is

another lift, then by the Formal Nayakama's Lemma and the fa
t that k

i

=k is �nite

for all i 2 I, G

0

must have the form Spf

k

(

Q

i2I

B

i

) for �nite lo
al R-algebras B

i

. But

then B

i

is a �nite lo
al algebra over a Henselian lo
al ring, so B

i

is itself Henselian.

Furthermore, f

i

has a root �

i

in the residue �eld k

i

of B

i

, so by Hensel's Lemma

there is a unique R-algebra map �

i

: A

i

! B

i

lifting the residue �eld identi�
ation.

Sin
e B

i

is topologi
ally 
at and the indu
ed map �

i

b


 k is an isomorphism, we see

that �

i

is an isomorphism.

Let

b

E

k

be the 
ategory of formally �etale formal k-s
hemes and

b

S

k

the 
ategory

of dis
rete sets admitting a 
ontinuous G -a
tion, where G = Gal(k

s

=k).

Theorem 3.1.6. There is an equivalen
e of 
ategories

b

E

k

!

b

S

k

de�ned by

G G(k

s

)

def

= lim

�!

L�k

s

;[L:k℄<1

G(L):(3.1.1)

Over an algebrai
ally 
losed �eld, the 
ategory of formally �etale formal k-s
hemes is

equivalent to the 
ategory of sets.

Proof. For a formally �etale formal k-s
heme G and k

s

endowed with the dis
rete

topology,

Hom

k-alg., 
ont

(O

G

; k

s

) = lim

�!

Hom

k-alg., 
ont

(O

G

; L)(3.1.2)

as L ranges over �nite Galois subextensions of k

s

=k. The transition maps in (3.1.2)

are 
learly maps of sets fun
torial inG whi
h respe
t the fun
torial G -a
tion indu
ed

by the a
tion on k

s

(and all of its �nite normal subextensions), and any point in

the limit is �xed by an open subgroup of G . Thus, G G(k

s

) determines a fun
tor

b

E

k

!

b

S

k

.

On the other hand, suppose H is a dis
rete set with a 
ontinuous G -a
tion. Let

I be the set of orbits under the G -a
tion. For ea
h i 2 I, 
ontinuity ensures that

i is �nite and stabilized by an open subgroup H

i

� G . Let k

i

� k

s

be the �xed

�eld of H

i

and let A

H

=

Q

i2I

k

i

. We see that Spf

k

A

H

is a formally �etale formal

k-s
heme su
h that (Spf

k

A

H

)(k

s

) = H as G -sets. It is not diÆ
ult to see that

Spf

k

A

G(k

s

)

�

=

O(G), so we have de�ned a quasi-inverse fun
tor to G G(k

s

).

By universal properties, we see that the equivalen
e in Theorem 3.1.6 takes prod-

u
ts to produ
ts and therefore takes (
ommutative) group obje
ts to (
ommutative)

group obje
ts.

Theorem 3.1.6 is the \�etale di
tionary" whi
h may be used to redu
e questions

about �etale group s
hemes to questions about groups in the 
ategory of sets. We
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will use this di
tionary to translate between 
ommutative formal groups over �elds

of 
hara
teristi
 zero and Galois modules. We remind the reader that a similar

di
tionary exists between �nite �etale R-s
hemes and �nite dis
rete G -sets with a


ontinuous a
tion.

3.1.2 Conne
ted 
omponents and the 
onne
ted-�etale sequen
e

Fix a lo
al pseudo
ompa
t ring (R;m; k).

De�nition 3.1.7. Given a formalR-groupG with identity se
tion fa
toring through

O(G)

m

, the 
onne
ted 
omponent of G, denoted G

0

, is Spf

R

(O(G)

m

).

Proposition 3.1.8. The 
onne
ted 
omponent G

0

is a 
losed sub-formal R-group.

If R! R

0

is a lo
al pseudo
ompa
t base 
hange, then (G

0

)

R

0

= (G

R

0

)

0

. In parti
u-

lar, (G

0

)

k

= (G

k

)

0

.

Proof. The �rst statement follows by restri
ting G to small points and using the

pseudo
ompa
tness of the fa
tor rings in the 
anoni
al de
omposition of O(G). The

se
ond statement follows be
ause the 
losed point of G

0

is k-rational.

We 
an now 
onstru
t the 
onne
ted-�etale sequen
e.

Proposition 3.1.9. If G is a 
ommutative formal group over R, the quotient G

�et

=

G=G

0

is formally �etale over R.

Proof. By Proposition 3.1.4 and Proposition 3.1.8, we may assume the base R is a

�eld k, and by des
ent along �eld extensions we may assume that k is algebrai
ally


losed. By an elementary translation argument, be
ause k is algebrai
ally 
losed we

see that every fa
tor ring of O(G=G

0

) is isomorphi
. Thus, by fun
toriality and the

Formal Nakayama's Lemma, if we 
an show that "

�

b




1

O(G=G

0

)=k

= 0 then we will be

done. If I is the augmentation ideal of O(G=G

0

), it suÆ
es (by Lemma 3.1.1) to

show that I=I

2

= 0. Writing O(G) = A � O(G

0

), we see that IO(G) = A � f0g,

so IO(G) = I

2

O(G), and therefore (I=I

2

)

b




O(G=G

0

)

O(G) = 0. By the topologi
al

faithful 
atness of G! G=G

0

, we are done.

Proposition 3.1.10. The 
onne
ted-�etale sequen
e is fun
torial, i.e., a morphism

� : G! H uniquely �ts into a 
ommutative diagram

0

//

G

0

//

��

G

//

�

��

G

�et

��

//

0

0

//

H

0

//

H

//

H

�et

//

0:

Proof. This immediately follows from the fa
t that restri
ting to small points is

fun
torial with respe
t to morphisms of formal groups, along with the 
okernel

property for the �etale quotient G

�et

(by Theorem 2.2.12(2)).

Proposition 3.1.11. If R = K is a perfe
t �eld, then the 
onne
ted-�etale sequen
e

for G uniquely splits as a sequen
e of formal groups.
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Proof. Suppose A is a lo
al pro�nite K-algebra. Be
ause A is pro�nite and K is

perfe
t, the residue �eld L of A is a �nite separable extension of K. Fixing a 
hoi
e

of primitive element � for L=K and lifting the minimal polynomial f of � to the

unique pre-image in A[x℄ with 
oeÆ
ients inK, we see that there is a unique lift of �

to a root of f in A be
ause A is Henselian, and therefore the residue map A! L has

a unique se
tion (in the 
ategory of K-algebras). This implies that for ea
h lo
al

fa
tor A

i

of O(G), we 
an �nd a unique K-subalgebra isomorphi
 to the residue

�eld L

i

of A

i

. Furthermore, any formally �etale subalgebra B of A

i

is 
learly a �nite

(separable) �eld extension of K (by Lemma 3.1.3), and hen
e it is easy to see that B

must map inje
tively into the residue �eld L

i

of A

i

under the 
anoni
al quotient map

A

i

! L

i

. We therefore 
on
lude that B � L

i

by uniqueness, so L

i

is the maximal

formally �etale subalgebra of A

i

. By applying this argument to the lo
al fa
tors of

arbitrary pro�nite K-algebras, we see that every pro�nite K-algebra possesses a

maximal formally �etale subalgebra (
ontaining all others) and that maps between

pro�nite K-algebras indu
e maps between the maximal formally �etale subalgebras.

Be
ause K is perfe
t, L

i

b




K

L

j

is identi�ed with a formally �etale subalgebra

of A

i

b




K

A

i

under the 
anoni
al inje
tion L

i

b




K

L

j

,! A

i

b




K

A

j

. On the other

hand, any open maximal ideal of A

i

b




K

A

j

must 
ontain m

i

� A

i

,! A

i

b




K

A

j

and

m

j

� A

j

,! A

i

b




K

A

j

(under the 
anoni
al inje
tions), so we see that the quotient of

A

i

b




K

A

j

by its ideal of topologi
al nilpotents is a quotient of L

i

b




K

L

j

. We 
on
lude

that L

i

b




K

L

j

must be the maximal formally �etale subalgebra of A

i

b


A

j

. By the

obvious generalization of this argument, we see that the formal 
omultipli
ation and

antipode on O(G) indu
e 
ompatible Hopf maps on

Q

L

i

. We 
on
lude that

Q

L

i

is 
anoni
ally a formal Hopf subalgebra of O(G), and it is easy to see that O(G) is

topologi
ally faithfully 
at over

Q

L

i

. The indu
ed surje
tion G ! Spf(

Q

L

i

) has

kernel G

0

, and therefore we have expli
itly realized the map G ! G

�et

. Finally, it

is easy to see that the produ
t of the redu
tion maps

Q

A

i

!

Q

L

i

gives a map of

formal Hopf algebras whi
h is a se
tion to G! G

�et

. Sin
e Hom(G

�et

; G

0

) = 0, this is

the unique splitting of the 
onne
ted-�etale sequen
e by a map of formal groups.

As an appli
ation of the splitting of the 
onne
ted-�etale sequen
e, we prove a

proposition relating short exa
t sequen
es of 
ommutative formal groups with short

exa
t sequen
es of 
ommutative �nite group s
hemes. This will help us to study the

formal limits of p-Barsotti-Tate groups in Theorem 6.1.3 below.

Proposition 3.1.12. Let R be a pseudo
ompa
t ring. If G

0

, G, and G

00

are formal

R-groups su
h that G

0

and G

00

are �nite free of 
onstant ranks d

0

and d

00

respe
tively

and there is an exa
t sequen
e

0! G

0

! G! G

00

! 0

of formal R-groups, then G is �nite free of rank d

0

d

00

.

Remark 3.1.13. Note that by Proposition 2.1.12, �nite lo
ally free pro�nite R-

modules of 
onstant rank must be globally free. �

Proof. Be
ause the ranks of G

0

and G

00

are 
onstant over R, we may redu
e to

the 
ase where R is lo
al. By a standard topologi
al 
atness argument, we may
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further redu
e to the 
ase where R = k is a �eld, and it is easy to see that we may

take k to be algebrai
ally 
losed. In this 
ase, the 
onne
ted-�etale sequen
es split.

By fun
toriality, we need only prove the Proposition when the three groups are all


onne
ted or all formally �etale. In the formally �etale 
ase, the proof is trivial by

the �etale di
tionary. Suppose G

0

, G, and G

00

are all 
onne
ted. We easily see by

the Formal Nakayama's Lemma that O(G

00

) ! O(G) is �nite, so we are done by

Proposition 2.1.18 and the usual multipli
ativity of orders in short exa
t sequen
es

of �nite lo
ally free group s
hemes.

Remark 3.1.14. The usefulness of exa
t sequen
es of formal groups ne
essitates that

we work in the general 
ategory of pseudo
ompa
t rings. Indeed, the �etale quotient

of a formal group 
ould easily be the 
onstant group Q

p

=Z

p

(we will see many

examples in Part II; even over Z

p

, the pro�nite algebra of Q

p

=Z

p

is highly non-

Noetherian.) �

3.2 The Spe
ial Fiber

Over a �eld k of positive 
hara
teristi
 a great amount of new information about a

formal k-group G is en
oded in a diagram

G

F

//

p

  

A

A

A

A

A

A

A

A

A

G

(p)

V

��

p

""

F

F

F

F

F

F

F

F

G

F

//

G

(p)

;

(3.2.1)

where F is the Frobenius morphism and V is the dual Vers
hiebung morphism. We

will now de�ne and study these group morphisms.

3.2.1 Frobenius and Vers
hiebung

Throughout this se
tion, k will be a �eld of 
hara
teristi
 p > 0.

Given an F

p

-algebra A, the map A! A given by x 7! x

p

is 
alled the absolute

Frobenius morphism of A and denoted F

A

; if A is pseudo
ompa
t, we see that F

A

is 
ontinuous. Given an A-algebra B, let B

(p

n

)

denote the base 
hange by F

n

A

.

Likewise, if A is pseudo
ompa
t and B is a pro�nite A-algebra, de�ne B

(p

n

)

=

B

b




A;F

n

A

A. This is a pro�nite A-algebra, but it is important to note that F

A

need

not make A a pro�nite algebra over itself (e.g., 
onsider a �eld k with [k : k

p

℄ =1).

We will also write (Spf

A

B)

(p

n

)

def

= Spf

A

(B

(p

n

)

) and similarly in the aÆne 
ase. By

the universal property of (
ompleted) tensor produ
ts, we may make the following

de�nition.

De�nition 3.2.1. Let B be a (pro�nite) A-algebra (with A pseudo
ompa
t in the

formal 
ase). There is a unique map of (pro�nite) A-algebras F

�

B=A

: B

(p)

! B, the
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relative Frobenius of B over A, su
h that the diagram

B

B

(p)

F

�

B=A

aaC

C

C

C

C

C

C

C

B

oo

F

B

oo

A

OO

PP

A

OO

F

A

oo


ommutes. Con
retely, F

�

B=A

is given on elements of the form b

b


 a by F

�

B=A

(b

b


 a) =

b

p

a.

We see from the universal properties of base 
hange and from uniqueness that

the relative Frobenius of B over A is 
ompatible with base 
hange (to another

pseudo
ompa
t ring over A) and with the formation of produ
ts, and therefore

when Spf

A

B is a formal A-group or Spe
B is an aÆne group s
heme over Spe
A,

the relative Frobenius is a group morphism.

Remark 3.2.2. The usual 
onstru
tion of the relative Frobenius for s
hemes 
an be

given in geometri
 form, unlike the 
onstru
tion we give in De�nition 3.2.1. In the

formal 
ase, the possibility that F

A

: A ! A might not be a \pro-�nite" algebra

map for
es us to use the ring-theoreti
 version in the 
ategory of pseudo
ompa
t

rings. Having made the 
onstru
tion, we see that F

�

B=A

is in fa
t a 
ontinuous map

of pro�nite A-algebras, and therefore we may restate the result: Given a formal

A-s
heme X, the relative Frobenius gives a morphism F

X= Spf

A

A

: X ! X

(p)

of

formal A-s
hemes, 
ompatible with base 
hange on A. When X is a formal A-group,

F

X= Spf

A

A

is a group morphism. �

If A is a lo
al Artinian ring, employing the duality of Corollary 2.2.7 and the

duality built into De�nition 3.2.1 allows us to de�ne the relative Vers
hiebung :

De�nition 3.2.3. Given a formal or aÆne (topologi
ally) 
at A-s
heme Y , the

relative Vers
hiebung V

Y=A

: Y

(p)

! Y is the dual to the relative Frobenius.

We will drop the \relative" in what follows, using only the words \Frobenius" and

\Vers
hiebung." When the base is understood, we also omit it from the notation

and write simply F

X

, or even F , if everything else is 
lear. We may indu
tively

de�ne the base 
hanges X

(p

n

)

, the nth relative Frobenius F

n

: X ! X

(p

n

)

, and the

nth relative Vers
hibung V

n

: X

(p

n

)

! X.

In the 
ase where the base ring is a �eld k of 
hara
teristi
 p, we will now prove

that (3.2.1) above is a 
ommutative diagram. This will allow us to analyze the

multipli
ation-by-p map [p℄ using the F and V maps. In parti
ular, both F and

V 
an be written somewhat expli
itly, and this will help us greatly in Part II. In

fa
t, it is by �nding a 
on
rete expression for V that we will prove the following

basi
 theorem relating F and V . The proof we give here is taken from [1℄; it makes

essential use of the duality between aÆne and formal k-groups.

Theorem 3.2.4. If G is a formal or aÆne 
ommutative group s
heme over a �eld

k of positive 
hara
teristi
 p, then F Æ V = [p℄

G

(p)

and V Æ F = [p℄

G

.

29



We see from the 
ompatibility properties of the Frobenius that it suÆ
es to prove

Theorem 3.2.4 when k is perfe
t. Therefore, for the rest of this se
tion, we assume

k is perfe
t; this will help us be
ause the absolute Frobenius ' : k ! k be
omes

an automorphism. It should be noted, however, that the statement of the theorem

does not require a perfe
t base �eld.

Let W be a k-ve
tor spa
e. Let TS

j

(W ) be the �xed points of W


 j

under the

a
tion of the symmetri
 group S

j

on the tensor fa
tors (for j = 0, take TW

0

(W ) =

k). Call TS

j

(W ) the symmetri
 j-tensors. De�ne a linear map �

j

: W


n

!

TS

j

(W ) by

w

i

1


 � � � 
w

i

j

7!

X

�2S

j

w

�(i

1

)


 � � � 
w

�(i

j

)

:

Our 
onstru
tions are 
learly fun
torial inW and are therefore stable under passage

to the dire
t limit.

Lemma 3.2.5. Every symmetri
 p-tensor v 2 TS

p

(W ) 
an be uniquely written in

the form v = w


 p

+ t, where t 2 �

p

(W


 p

) and w 2W .

Proof. It suÆ
es to prove the Lemma for �nite-dimensional W ; the general result

follows by passage to the dire
t limit. Looking at orbits for the a
tion of S

j

, it is

not too hard to see that

�

j

((W

1

�W

2

)


 j

) =

j

M

i=0

�

�

i

W


 i

1

� �

j�i

W


(j�i)

2

�

inside of W


 j

. There is a 
ompatible isomorphism

TS

j

(W

1

�W

2

)

�

=

j

M

i=0

�

TS

i

(W

1

)� TS

j�i

(W

2

)

�

:

For 0 � j � p� 1, it is 
lear that �

j

is an isomorphism and therefore

TS

p

(W

1

�W

2

)

�

p

(W

1

�W

2

)


 p

�

=

TS

p

(W

1

)

�

p

W


 p

1

�

TS

p

(W

2

)

�

p

W


 p

2

:

Using indu
tion on dim

k

W <1, it follows that the k-linear map

W

(p)

! TS

p

(W )=�

p

(W


 p

) : �
w 7! �w


 p

is an isomorphism. Be
ause k is perfe
t, the Lemma is proven.

If W is a pro�nite k-module, there is a unique 
ontinuous a
tion of S

j

on W

b


 j

determined by

w

1

b


� � �

b


w

j

7! w

�(1)

b


 � � �

b


w

�(j)

:

De�ne the pro�nite k-module TS

j

(W ) to be the �xed points for 
ontinuous k-linear

a
tion (it is pro�nite be
ause it is 
losed). As above, 
all TS

j

(W ) the symmetri


j-tensors. The map �

j

of Lemma 3.2.5 extends by 
ontinuity to give a 
ontinuous

linear map of pro�nite k-modules W

b



j

! TS

j

(W ). The pro�nite analogue of

Lemma 3.2.5 is the following:

30



Lemma 3.2.6. IfW is a pro�nite k-module, any element v 2 TS

j

(W ) has a unique

expression as v = w

b



p

+ t, where t 2 �

j

(W

b



j

) and w 2W . Moreover, w and t are


ontinuous fun
tions of v.

Proof. It suÆ
es to show that the 
ontinuous linear map of pro�nite k-modules

 

W

: W

(p)

! TS

p

(W )=�

p

W

b



p

determined by �

b


w 7! �w

b


 p

is bije
tive. Note that  is fun
torial in W . If U

ranges over a base of open subspa
es of W , it is easy to see that

U

b


W

b


 � � �

b


W +W

b


U

b


W

b


 � � �

b


W + � � � +W

b


 � � �

b


W

b


U

ranges over a 
o�nal system of open subspa
es of W

b


 j

. By the de�nition of �

p

it

is not hard to see that the fun
tors W  W

(p)

and W  TS

p

(W )=�

p

W

b



p

and the

natural transformation  

W

are 
ompatible with inverse limits. (The key to showing

this forW  TS

p

(W )=�

p

W

b


 p

is the right-exa
tness of lim

 �

on pro�nite k-modules.)

Thus, we are redu
ed to the 
ase where dim

k

W <1, and we are done by Lemma

3.2.5.

Proof of Theorem 3:2:4. We will prove the result in the formal 
ase; the aÆne 
ase

follows by duality. Let A = O(G). Writing [p℄ = m

p

�

p

, where m

p

: G

p

! G is the

p-fold multipli
ation and �

p

is the p-fold diagonal map, Lemma 3.2.6 shows that

the map m

�

p

: A! A

b



p

on k-algebras has the property that for any a 2 A,

m

�

p

(a) = V (a)

b


 p

+ t(3.2.2)

for some unique V (a), 
ontinuous in a, and some t 2 �

p

(A

b


 p

). (The map m

�

p

takes

symmetri
 values be
ause the multipli
ation is 
ommutative.) It is easy to see that

for t in the dense submodule of �

p

(A

b



p

) given by �nite sums of elementary tensors,

�

�

p

(t) = 0 be
ause pA = 0. By 
ontinuity and density, we therefore see that

[p℄

�

(a) = V (a)

p

:

Obviously, V is our 
andidate for the Vers
hiebung morphism. By uniqueness, it is


lear that V : A ! A is a 
ontinuous ring map whi
h is semilinear with respe
t to

the inverse of the absolute Frobenius of k (i.e., V (�a) = �

1=p

V (a)), and therefore

(by base 
hange by the absolute Frobenius ' of k) it de�nes a 
ontinuous k-algebra

map V

'

: A ! A

(p)

. We 
laim that V

'

= V

�

G

. (In the remainder of this proof, we

will let the subs
ript ' denote base 
hange by the absolute Frobenius of k.) This

will 
on
lude the proof that F

G

ÆV

G

= [p℄. Sin
e the pth-power map 
ommutes with

any ring homomorphism, we 
an also 
on
lude that V

G

Æ F

G

= [p℄.

To verify that V

'

= V

�

G

, we will use linear algebra. Let

h � ; � i : A
A

_

! k

denote the 
anoni
al pairing, and let the base 
hange by the absolute Frobenius

be denoted by h � ; � i

'

. Re
all that the k-algebra stru
ture on the (dis
rete dual)
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A

_


omes from the formal Hopf stru
ture on A. With this in mind, we see by the

de�nition of the Vers
hiebung that for all a 2 A (topologi
ally identi�ed with A

(p)

by a 7! 1

b


 a be
ause k is perfe
t) and all  2 A

_

,

hV

�

G

(a);  

'

i

'

= ha; F

�

G

_

( 

'

)i = hm

�

p

(a);  


 p

i

the last pairing taking pla
e between A

b



p

and (A

_

)


 p

. But any element of �

p

(A

b



p

)

pairs to zero with  


 p

be
ause  


 p


learly pairs to zero with a dense submodule

of �

p

(A

b



p

) (as 
har k = p). By (3.2.2),

hm

p

(a);  


 p

i = hV (a)

b



p

;  


 p

i = hV (a);  i

p

= hV

'

(a);  

'

i

'

:

Be
ause k is perfe
t, all elements of (A

_

)

'

have the form  

'

. Be
ause the pairing

h � ; � i

'

is perfe
t, we 
on
lude that V

'

(a) = V

�

G

(a) for all a 2 A, so V

'

= V

�

G

.

As a 
onsequen
e of Theorem 3.2.4, we 
an prove a basi
 fa
t about 
onne
ted

formal groups in 
hara
teristi
 p > 0.

Proposition 3.2.7. If G is a 
onne
ted 
ommutative formal group over a �eld k of


hara
teristi
 p > 0, then the natural inje
tion of formal groups

� : lim

�!

G[p

n

℄! G

is an isomorphism.

Proof. By Yoneda's Lemma and the right-exa
tness of lim

 �

on the 
ategory of short

exa
t sequen
es of pro�nite k-modules, � is easily seen to exist and be a formal


losed immersion. If we 
an show that every point of G is annihilated by p

n

for

some n, we will be done. Be
ause any Artinian k-algebra breaks up into �nitely

many lo
al fa
tors, we easily redu
e to the 
ase of a lo
al (Artinian) point of G.

Let R be a �nite lo
al Artinian k-algebra. Sin
e the maximal ideal m of R

is nilpotent, we may 
hoose n su
h that m

p

n

= 0, and therefore the nth relative

Frobenius F

n

G

: G! G

(p

n

)

kills G(R) be
ause G is 
onne
ted. Sin
e V

n

G

ÆF

n

G

= [p

n

℄

G

by indu
tion, we are done.

Corollary 3.2.8. If A is a pseudo
ompa
t lo
al ring with residue 
hara
teristi


p > 0 and G is a 
onne
ted 
ommutative formal group s
heme over A su
h that

[p℄ : G! G is topologi
ally 
at, then the natural map of formal groups

� : lim

�!

G[p

n

℄! G

is an isomorphism.

Remark 3.2.9. By Proposition 2.1.19, lim

�!

G[p

n

℄ is topologi
ally 
at over A. �

Proof. This follows from Proposition 3.2.7 by a standard argument using the Formal

Nakayama's Lemma along with the fa
t that lim

�!

G[p

n

℄ and G are topologi
ally 
at

over A. (It is possible to prove this result when G and the map [p℄ : G! G are not

assumed to be topologi
ally 
at, but we will not need it, and the proof is somewhat

involved: one pro
eeds by redu
ing the problem to the 
ase where A is Artinian and

then indu
ting on the length of A, using Proposition 3.2.7 to handle the 
ase where

A is a �eld.)
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Remark 3.2.10. The proof of Corollary 3.2.8 shows that analyzing the 
losed �ber

of G using F and V 
an yield non-trivial results, even over a base whi
h is not

of 
hara
teristi
 p. In Part II we will use the 
losed �ber to show that formal

groups 
onstru
ted from 
ertain p-Barsotti-Tate groups are formally smooth, i.e.,

are \formal Lie groups." �

3.2.2 The stru
ture of 
onne
ted �nite group s
hemes

Sin
e 
onne
ted groups over a perfe
t �eld of 
hara
teristi
 p > 0 are easier to

understand than 
onne
ted groups over an arbitrary lo
al ring (or even an arbitrary

�eld), the following theorem is another illustration of the use of passage to the 
losed

�ber. We will not prove it here, as it is a well-known result [13, x11.3℄.

Theorem 3.2.11. If k is a perfe
t �eld of 
hara
teristi
 p � 0 and G is a �nite

(not ne
essarily 
ommutative) 
onne
ted �nite group s
heme over k, then O(G) has

the form k[x

1

; : : : ; x

n

℄=(x

p

m

i

i

) for some integers m

i

� 0. In parti
ular, if k has


hara
teristi
 0 then all �nite (not ne
essarily 
ommutative) group s
hemes over k

are �etale and if k is an arbitrary �eld of 
hara
teristi
 p > 0, then every �nite


onne
ted k-group s
heme has p-power order.

3.3 Smoothness and Formal Lie Groups

Let (A;m; k) be a pseudo
ompa
t lo
al ring. For our purposes, we will say that

a 
onne
ted formal A-s
heme X with a k-rational 
losed point is formally smooth

(over A) if there is an isomorphism O(X)

�

=

A[[fX

i

g℄℄ for some 
olle
tion of indeter-

minates. (See [1℄ for a more fun
torial de�nition and a proof of the equivalen
e with

the de�nition given here.) If fX

i

g is �nite, we 
all jfX

i

gj the (relative) dimension

of X and write dimX. When fX

i

g is in�nite, we will write dimX =1. It is 
lear

that dimX = dim

k

m=m

2

, so the dimension is intrinsi
 to X. In our study of formal

limits of 
onne
ted p-Barsotti-Tate groups in Part II, an analysis of the 
losed �ber

of su
h a limit will reveal it to be formally smooth of �nite relative dimension on

the gometri
 
losed �ber. We therefore provide a useful me
hanism for des
ending

this information over the 
losed �ber and lifting it to the entire formal group.

Proposition 3.3.1. Let k

0

=k be an extension of the residue �eld of A. If B is a

topologi
ally 
at lo
al pro�nite A-algebra with residue �eld k, then B is formally

smooth over A if and only if B

b




A

k

0

is formally smooth over k

0

.

Proof. The `only if' dire
tion is trivial. Now suppose that B

b




A

k

0

is formally smooth

over k

0

. If we 
an show that B

b




A

k is formally smooth over k, then we 
an lift the

isomorphism k[[fX

i

g℄℄

�

! B

b




A

k to a 
ontinuous map of topologi
ally 
at pro�nite

A-algebras A[[fX

i

g℄℄ ! B, and we will be done by a standard Formal Nakayama's

Lemma argument. Thus, we may assume A = k and that B

b




k

k

0

is formally smooth

over k

0

, and we wish to show that this property des
ends over k. We prove this in

the spe
ial 
ase where dimSpf

k

0

(B

b




k

k

0

) is �nite. The proof in general is in [1℄; the

�nite-dimensional 
ase is all that we need, so we give a simpler proof for that 
ase

(whi
h, unfortunately, does not easily generalize).
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Let n be the (open) maximal ideal of B. By faithful 
atness, n=n

2

is a �nite-

dimensional k-ve
tor spa
e. Lifting a basis gives a 
ontinuous surje
tion

k[[X

1

; : : : ;X

n

℄℄� B

for some X

i

. To show this is an isomorphism, we may extend s
alars to k

0

, whi
h

yields a surje
tion

k

0

[[X

1

; : : : ;X

n

℄℄� B

b




k

k

0

�

=

k

0

[[Y

1

; : : : ; Y

n

℄℄:

But any surje
tive self-map of a Noetherian ring must be an isomorphism.

De�nition 3.3.2. A formal Lie group over A is a 
onne
ted formally smooth formal

group over A.

Example 3.3.3. The formal multipli
ative group

b

G

m

is represented by A[[X℄℄, so

it is a formal Lie group. Similarly, the formal additive group

b

G

a

is a formal Lie

group. If G is a smooth algebrai
 k-group s
heme of dimension n, Example 2.2.2

shows that the formal 
ompletion

b

G of G at the identity is a formal Lie group of

dimension n (
ommutative if G is). �

Remark 3.3.4. It is trivial to 
he
k that for any formal Lie group, the 
omultipli-


ation map A[[fX

i

g℄℄ ! A[[fY

i

; Z

i

g℄℄ (with Y

i

= 1

b




A

X

i

and Z

i

= X

i

b




A

1) sends

X

i

to Y

i

+ Z

i

modulo terms of degree two and higher. This simple observation will

be
ome important later (
f. Theorem B.2.3). �

4 Dis
riminants

In general, a map f : G! H between �nite group s
hemes over a mixed 
hara
ter-

isti
 dis
rete valuation ring R with fra
tion �eld K need not be an isomorphism if

f

K

is an isomorphism. (For example, 
onsider R = Z

p

[�

p

℄, G = Z=pZ, and H = �

p

with f(1) = �

p

.) When f

K

is an isomorphism (so f

�

is inje
tive by R-
atness), the

failure of the latti
e inje
tion f

�

: O(H)! O(G) to be an isomorphism is measured

by failure of the (non-zero) dis
riminant ideals dis


O(H)=R

;dis


O(G)=R

� R to 
o-

in
ide (they are non-zero be
ause the generi
 point has 
hara
teristi
 zero, so G

K

and H

K

are �etale over K). In studying the analogous question for p-Barsotti-Tate

groups, Tate was able to use invariant di�erentials on formal Lie groups to 
ompute

the dis
riminant ideals of the �nite stages of p-Barsotti-Tate groups. This analysis,

whi
h we present in Part II, uses several basi
 properties of dis
riminants, whi
h

we now review. We will 
on
lude this se
tion with the 
al
ulation of dis
riminant

ideals for 
ertain isogenies of formal Lie groups; this 
al
ulation will be essential in

Se
tion 6.2.2.

4.1 A Geometri
 Constru
tion

Given a �nite lo
ally free morphism of s
hemes f : T ! S of 
onstant rank d (e.g.,

a �nite lo
ally free S-group), we may de�ne a tra
e form Tr

T=S

: f

�

O

T

! O

S

.

Using the O

S

-stru
ture on f

�

O

T

, we get a bilinear pairing f

�

O

T




O

S

f

�

O

T

! O

S

.

This indu
es a natural pairing ^

d

f

�

O

T




O

S

^

d

f

�

O

T

! O

S

whose image is a lo
ally

prin
ipal ideal sheaf on S 
alled the dis
riminant and denoted dis


T=S

.
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Example 4.1.1. If f is �etale (whi
h in this 
ase just adds the hypothesis that the

O

T

-module 


1

T=S

vanishes), then we see by 
omputing in the �bers that dis


T=S

=

O

S

. If S is a Dedekind s
heme, what we have 
onstru
ted is pre
isely the dis
rimi-

nant of 
lassi
al number theory. �

The 
losed subs
heme determined by the dis
riminant is just the lo
us of points

over whi
h the tra
e form on the �ber is degenerate. A better measure of su
h

degenera
y would be provided by some analogue of the di�erent of 
lassi
al number

theory, whi
h would indi
ate points of T where the stru
ture map is \rami�ed"

rather than just the �bers whi
h 
ontain the rami�
ation points. When the �bers

of f are Gorenstein, su
h a di�erent may in fa
t be de�ned (see Se
tion 4.3 for a

treatment of the formal 
ase).

In the same way that we de�ned the tra
e, we may de�ne the norm N

T=S

:

f

�

O

T

! O

S

. In parti
ular, if I � f

�

O

S

is a lo
ally prin
ipal ideal sheaf, then

we may de�ne the lo
ally prin
ipal ideal sheaf N

T=S

(I ) in O

S

. If X ! T ! S is

a tower of �nite lo
ally free morphisms of 
onstant rank, it follows from Theorem

4.2.1 below that

dis


X=S

= N

T=S

(dis


X=T

) dis


rk

T

X

T=S

:(4.1.1)

This extends the transitivity of dis
riminants from 
lassi
al number theory to a

mu
h more general situation.

To verify (4.1.1), it 
learly suÆ
es to work lo
ally over S, so we need only prove

(4.1.1) when S = Spe
A is a lo
al s
heme. Be
ause X ! T and T ! S are �nite,

lo
alizing the base redu
es us to the aÆne 
ase, where S = Spe
A, T = Spe
B, and

X = Spe
C. In the aÆne 
ase, (4.1.1) just says that transitivity of dis
riminants

holds for a tower of �nite lo
ally free ring extensions. This purely algebrai
 point

of view will make things slightly 
learer when we treat dis
riminants of isogenies

between formal Lie groups.

4.2 Transitivity of the Dis
riminant

Theorem 4.2.1. If A! B ! C is a tower of �nite lo
ally free free ring extensions

of 
onstant ranks rk

B

C = r and rk

A

B = `, then dis


C=A

= N

B=A

(dis


C=B

) dis


r

B=A

as ideals of A.

Proof. It suÆ
es to prove this after lo
alizing A, in whi
h 
ase it is an easy exer
ise

in 
ommutative algebra that A ! B and B ! C must be free. Note that the

transitivity of the tra
e shows that the tra
e form C


A

C ! A is the 
omposite

C


A

C ! C 


B

C

Tr

C=B

( � ; � )

�������! B

Tr

B=A

����! A:

Therefore, we may 
onsider the problem in a slightly more general form: let A! B

be a �nite free ring extension and M a non-zero �nite free module over B of rank r

equipped with a bilinear pairingB :M 


B

M ! B. A new pairingB

0

:M 


B

M !

A results by 
omposing B with Tr

B=A

. We want to prove that

dis
(B

0

) = N

B=A

(dis
(B)) dis


r

B=A

:
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Using the adjointness of Hom and 
, B 
orresponds to a B-linear map

M ! Hom

B

(M;B);

both sides of whi
h are free of rank r over B. Furthermore, 
hoosing a basis

e

1

; : : : ; e

r

for M (and its dual for Hom

B

(M;B)), it is easy to see that the indu
ed

map on top exterior powers is just multipli
ation by dis
(B) up to a unit of B.

Rephrasing the problem in these terms, 
onsider the sequen
e

M ! Hom

B

(M;B)! Hom

A

(M;B)! Hom

A

(M;A);(4.2.1)

where the se
ond map 
omes from the forgetful fun
tor from B-modules to A-

modules and the third map is 
omposition with the tra
e from B to A. An easy


omputation shows that

rk

A

M = r` = rk

A

Hom

B

(M;B) = rk

A

Hom

A

(M;A);

while

rk

A

Hom

A

(M;B) = r`

2

:

Exterior powers over B and over A 
ommute in the sense that for a free B module

N of rank r, there is a natural isomorphism

^

r`

A

N

�

=

^

`

A

(^

r

B

N):(4.2.2)

For the �rst map in (4.2.1), the top exterior B-power is multipli
ation by dis
(B) (up

to a unit of B). Thus, by the isomorphism (4.2.2) and the de�nition of the norm, the

top exterior A-power of this map is just multipli
ation by N

B=A

(dis


M=B

). Choosing

a B-basis for M , the last part of diagram (4.2.1) be
omes

B

r

! Hom

A

(B;B)

r

! Hom

A

(B;A)

r

;

whi
h is naturally just the dire
t sum of r 
opies of the map B ! Hom

A

(B;A)


orresponding to the tra
e form on B. Hen
e, using the basi
 relations between

exterior powers and dire
t sum, the indu
ed map on top exterior powers is just

multipli
ation by a generator of dis


r

B=A

. The 
omposition of both pie
es of (4.2.1)

yields the result.

4.3 The Gorenstein 
ondition and isogenies of formal Lie groups

Let f : T ! S be a �nite lo
ally free morphism of s
hemes.

De�nition 4.3.1. We say that T is Gorenstein over S or sati�es the relative S-

Gorenstein 
ondition (is S-Gorenstein) ifHom

O

S

(f

�

O

T

;O

S

) is a lo
ally free f

�

O

T

-

module of rank one.

Note that be
ause f is lo
ally free, given any base 
hange S

0

! S, if T is S-

Gorenstein then T �

S

S

0

is S

0

-Gorenstein; similarly, we see that T is S-Gorenstein

if and only if T �

S

Spe
�(s) is Spe
�(s)-Gorenstein for all s 2 S, i.e., the property

holds if and only if it holds in every (geometri
) �ber. It is also 
lear that if T and

T

0

are S-Gorenstein, then T �

S

T

0

is S-Gorenstein. When S is lo
al, it suÆ
es to


he
k the S-Gorenstein 
ondition on the 
losed �ber.
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Remark 4.3.2. Let us 
onsider the aÆne 
ase for a moment. Be
ause f is �nite, by

lim

�!


onsiderations we may immediately redu
e to the 
ase where Spe
B ! Spe
A

is a �nite lo
ally free morphism of Noetherian aÆne s
hemes. We 
laim that if

A is a Gorenstein ring, then Spe
B is Spe
A-Gorenstein if and only if B is a

Gorenstein ring. To see this, we 
an further redu
e to the 
ase where A is lo
al by

the de�nition of Gorenstein rings. Now, by freeness, any A-regular sequen
e is a

B-regular sequen
e (
onsidering A as a subring of B by way of the stru
ture map),

so we may again redu
e to the 
ase where A is Artinian. But then B breaks up

as a produ
t of �nite free lo
al A-algebras, and therefore we are redu
ed to the


ase where (A;m

A

; k

A

) ,! (B;m

B

; k

B

) is a �nite free map of lo
al Artinian rings.

Let E signify inje
tive hull. By the basi
 theory of duality for Artinian rings, we

see that a lo
al Artinian ring (A;m; k) is Gorenstein if and only if A

�

=

E

A

(k

A

).

By the uniqueness of dualizing fun
tors (for �nite modules over an Artinian lo
al

ring), there is a B-module isomorphism Hom

A

(B;E

A

(k

A

))

�

=

E

B

(k

B

). But then,

sin
e A is Gorenstein, E

A

(k

A

)

�

=

A, so E

B

(k

B

)

�

=

Hom

A

(B;A) as B-modules. This


ompletes the proof. �

Remark 4.3.3. Using Remark 4.3.2, we may prove that a �nite (not ne
essarily


ommutative) group s
heme T ! S is S-Gorenstein. Indeed, we redu
e to the 
ase

where S = Spe
k for some algebrai
ally 
losed �eld k. Using translation arguments

(be
ause k is algebrai
ally 
losed), we redu
e to a 
onsideration of 
onne
ted group

s
hemes. By the stru
ture theorem for �nite 
onne
ted group s
hemes (Theorem

3.2.11), we are done. �

De�nition 4.3.4. If T is S-Gorenstein then the f

�

O

T

-annihilator of

Hom

O

S

(f

�

O

T

;O

S

)=(Tr

T=S

)

is a lo
ally prin
ipal ideal sheaf Æ

T=S

� f

�

O

T


alled the di�erent of T over S. We

view the di�erent as a quasi-
oherent ideal sheaf on T .

When S is a Dedekind s
heme, its lo
al rings are dis
rete valuation rings, hen
e

are Gorenstein. Thus, T is S-Gorenstein if and only if the lo
al rings of T are

Gorenstein rings by Remark 4.3.2. In parti
ular, if T is also a Dedekind s
heme,

we see that T is S-Gorenstein and the di�erent Æ

T=S


orresponds to the di�erent of


lassi
al number theory.

Lemma 4.3.5. If T is S-Gorenstein, then

N

T=S

(Æ

T=S

) = dis


T=S

as ideals in O

S

.

Proof. We immediately redu
e to the 
ase where S = Spe
A for a lo
al ring and

T = Spe
B for a �nite free extension ring. Let e

1

; : : : ; e

n

be an ordered basis for

B over A. Letting �

j

: B ! A be the proje
tion to the jth summand of B, we

see that N

B=A

(Æ

B=A

) = det(�

j

(Æ

B=A

e

i

)). On the other hand, if � is a B-basis for

Hom

A

(B;A), so Tr

B=A

= Æ

B=A

� (where Æ

B=A

generates the di�erent ideal of B),
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then �

j

= �

j

� implies

�

j

(Æ

B=A

e

i

) = �(�

j

Æ

B=A

e

i

)

= �(Æ

B=A

�

j

e

i

)

= Tr

B=A

(�

j

e

i

):

It is 
lear that �

1

; : : : ; �

n

is another A-basis for B, so there is an invertible matrix

M with Me

j

= �

j

. Thus, (Tr

B=A

(�

j

e

i

)) = M(Tr

B=A

(e

j

e

i

)). Taking determinants

shows that N

B=A

(Æ

B=A

) = udet(Tr

B=A

(e

i

e

j

)) for some u 2 A

�

.

We now wish to apply these ideas to formal groups.

4.3.1 Dis
riminants of isogenies of formal Lie groups

Fix a pseudo
ompa
t lo
al base ring R. Let G and H be two (�nite-dimensional)

formal Lie groups over R.

De�nition 4.3.6. An isogeny � : G! H is a topologi
ally faithfully 
at morphism

of formal groups with a �nite kernel (whi
h is topologi
ally 
at over R by base


hange, hen
e �nite free be
ause R is lo
al). The order of the kernel is 
alled the

degree of �.

Example 4.3.7. For Noetherian R, let A be an abelian s
heme of relative dimen-

sion g over R and

b

A the 
ompleted lo
al ring at the 
losed identity point (viewed

as the formal 
ompletion of A as a formal R-group). Multipli
ation by N � 1 on

b

A

is an isogeny of degree equal to the order of A [N ℄

0

. �

We will show that the di�erent of an isogeny f : G! H of 
ommutative formal

Lie groups parametrizes the points of G where f is not (formally) �etale. In Corollary

4.3.11, we will need some results about the module of formal di�erentials of a formal

R-group. We develop the theory (with proofs) in Appendix A. However, without

the theory at hand, it is diÆ
ult to even a

urately state the results whi
h we will

use. The reader is advised to read the relevant statements from Appendix A when

reading the proof of Corollary 4.3.11; if time permits, it is ideal to read the entire

appendix, as the ideas developed there are essential for understanding the 
lassi
al

motivation behind Tate's proof of the Isogeny Theorem (Theorem 7.2.1).

Lemma 4.3.8. If � : G ! H is an isogeny of formal groups over R, then the

indu
ed map �

�

: O(H)! O(G) is �nite free of rank deg � and � is Gorenstein. If

G and H are formal Lie groups, then dimH = dimG.

Proof. We see by topologi
al 
atness 
onsiderations that it suÆ
es to prove the

Lemma after 
hanging the base to the residue �eld k of R. The map (`; g) 7!

(`g

�1

; g) on the level of points shows that there is an isomorphism

ker��

k

G

�

! G�

H

G(4.3.1)

whi
h is 
ompatible with the se
ond proje
tion maps. Sin
e ker� is �nite free over

k, we 
on
lude that p

2

: G�

H

G! G (whi
h is just the base 
hange of � by G over
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H) is a �nite topologi
ally faithfully 
at map with 
onstant rank. By Proposition

2.1.29, we see that �

�

is �nite free.

Similarly, (4.3.1) shows that Hom

O(H)

(O(G);O(H)) is lo
ally free of rank one

over O(G) if and only if Hom

O(G)

(O(ker�)

b




k

O(G);O(G)) is lo
ally free of rank

one over O(ker�)

b




k

O(G), and this holds if and only if Hom

R

(O(ker �); R) is lo
ally

free of rank one over O(ker�). But we showed in Remark 4.3.3 that this is the 
ase,

and therefore � is Gorenstein.

When G and H are formal Lie groups over R, the dimension result follows from

�niteness of �

�

[7, Theorem 15.1(i)℄.

Tate's 
al
ulation of the dis
riminants of isogenies rests upon 
onsiderations of

invariant di�erentials. The following theorem provides the �rst link in a 
hain of

results 
ulminating in Tate's 
al
ulation, whi
h appears as Corollary 4.3.11.

Theorem 4.3.9. Let O be a ring, and O

0

= O[[T

1

; : : : ; T

n

℄℄=(f

1

; : : : ; f

n

) for some

regular sequen
e f

1

; : : : ; f

n

in O[[T

1

; : : : ; T

n

℄℄. If O

0

is �nite and free over O, then

there is an O

0

-linear isomorphism

Hom

O

(O

0

;O) ' O

0

su
h that

Tr

O

0

=O

7! det

�

�f

i

�T

j

�

:

Thus,

Æ

O

0

=O

= det

�

�f

i

�T

j

�

O

0

:

We will give the most important 
onsequen
es of Theorem 4.3.9 before we give

the proof.

Let G and H be formal Lie groups of dimension n over a pseudo
ompa
t lo
al

ring R and suppose  : H ! G is an isogeny. There is an indu
ed map of invertible

O(H)-modules  

�

(


n

G=R

) ! 


n

H=R

. The annihilator of the 
okernel is a prin
ipal

ideal in O(H), denoted (a).

Corollary 4.3.10. In this situation, dis


G=H

= N

O

H

=O

G

(a).

Proof. By Lemma 4.3.8, O(H) is �nite and free over O(G). Writing O(G) in the

form R[[Y

1

; : : : ; Y

n

℄℄ and O(H) in the form O(G)[[X

1

; : : : ;X

n

℄℄=(f

i

(X

1

; : : : ;X

n

)�Y

i

),

where the stru
ture map  

�

sends Y

i

to f

i

, it is easy to see that we may 
hoose

a = det(�f

i

(Y

1

; : : : ; Y

n

)=�Y

j

). By the \formal division algorithm," it is 
lear that

ff

i

(X

1

; : : : ;X

n

) � Y

i

g is a regular sequen
e in R[[X

1

; : : : ;X

n

; Y

1

; : : : ; Y

n

℄℄. We are

done by Theorem 4.3.9.

We will use the following 
orollary to study the \
onne
ted 
omponent" of a

p-divisible group in Part II, Se
tion 6.2.2.

Corollary 4.3.11. If G is a 
ommutative formal Lie group over R of relative di-

mension n and [m℄ : G! G is an isogeny of degree �, then dis
(G[m℄) =m

�n

.
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Proof. It 
learly suÆ
es to show that the dis
riminant of A = O(G) over itself

under the map [m℄

�

: A ! A is m

�n

. By the results of Appendix A, 


1

G=Spf R

has

a basis !

1

; : : : ; !

n


onsisting of invariant di�erentials, and sin
e G is 
ommutative

Corollary A.2.7 shows that

[m℄

�

!

i

= m!

i

:

Hen
e, if � = !

1

^ � � � ^ !

n

, we see that [m℄

�

� = m

n

�. Thus, by Corollary 4.3.10

(be
ause the !

i

are a basis for the module of di�erentials

b




1

A =R

),

dis


A =[m℄

�

A

= N

A =[m℄

�

A

(m

n

) = m

�n

:

To prove Theorem 4.3.9, it is 
on
eptually 
learer to invoke a more general result,

due to Tate (see the appendix to [8℄).

Proposition 4.3.12 (Tate). Suppose R is a ring, A an R-algebra, f

1

; : : : ; f

N

a

regular A-sequen
e, � : A ! A=(f

i

) = C the 
anoni
al proje
tion. Suppose further

that C is �nite free over A and that the kernel of

� : B = A


R

C

�
 1

C

����! C

is generated by a regular B-sequen
e g

1

; : : : ; g

N

. Writing 1
 f

i

=

P

b

ij

g

j

, d =

det(b

ij

), and �

0

= id

A




R

�,

(1) C is R-Gorenstein;

(2) there is a C-module generator � 2 Hom

R

(C;R) su
h that �(�

0

(d)) = 1;

(3) for any 
 2 C, �(
�

0

(d)) = 
;

(4) Æ

C=R

= �(d).

With the ex
eption of a few typographi
al errors, the proof presented in [8℄ is

quite 
lear. The reader is therefore referred to [8, Appendix℄ for the proof.

Proof of Theorem 4.3.9. We wish to apply Proposition 4.3.12 with R = O, A =

O[[T

1

; : : : ; T

n

℄℄, and C = O

0

. It is easy to see by �niteness that

A


R

C = O

0

[[T

1

; : : : ; T

n

℄℄:

The map � = �
 id

C

: B ! C takes X

i

to T

i

, and it is easy to see (using the

\formal division algorithm") that ker � is generated by X

i

� T

i

, whi
h is 
learly a

B-regular sequen
e. Therefore, the hypotheses of Proposition 4.3.12 are satis�ed.

Write f

i

=

P

b

ij

(T

j

�

�

T

j

), and let d = det(b

ij

). Di�erentiating,

�f

i

�T

j

= b

ij

+

n

X

`=1

�b

`

�T

`

(T

`

�

�

T

`

);

so �f

i

=�T

j

= �(�f

i

=�T

j

) = �(b

ij

), whi
h means that �(d) = det(�f

i

=�T

j

).
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Part II

Tate's Theorems

5 De�nitions

Fix a prime p.

5.1 p-Barsotti-Tate groups

Given an abelian s
heme A ! S, the system (A [p

n

℄; i

n

) with natural maps i

n

:

A [p

n

℄ ! A [p

n+1

℄ is the motivating example of a p-Barsotti-Tate group. While we

will primarily study these obje
ts in the abstra
t for purposes of 
on
eptual 
larity

and te
hni
al 
exiblity, we will o

asionally turn to the theory of abelian s
hemes

as a sour
e of motivating examples. In everything that follows, (R;m; k) is a lo
al

pseudo
ompa
t ring with 
har k = p > 0. When extra hypotheses are ne
essary, we

will impose them.

We re
all the de�nition we made in the General Introdu
tion.

De�nition 5.1.1. A p-Barsotti-Tate group of height h over a s
heme S is an in-

du
tive system (G

n

; i

n

)

n�0

of �nite lo
ally free 
ommutative S-group s
hemes and


losed immersions i

n

: G

n

! G

n+1

su
h that

1) jG

n

j = p

nh

;

2) i

n

identi�es G

n

with G

n+1

[p

n

℄.

It is 
lear that the 
ategory of p-Barsotti-Tate groups is 
losed under the for-

mation of �nite produ
ts (in the obvious manner) and there is an evident notion of

base 
hange. In parti
ular, given a p-Barsotti-Tate group over a dis
rete valuation

ring, we 
an speak of the generi
 �ber and the 
losed �ber .

Remark 5.1.2. We 
ould alternately require of our system of groups G

n

that for all

s and t, there exist exa
t sequen
es

0! G

s

i

s;t

��! G

s+t

[p

s

℄

��! G

s+t

[p

t

℄

��! G

s+t

j

s;t

��! G

t

! 0:(5.1.1)

Let us show that this is equivalent to De�nition 5.1.1. Given sequen
es (5.1.1),

taking the system (G

n

; i

n;1

) yields the �rst de�nition. On the other hand, setting

i

s;t

= i

s+t

Æ � � � Æ i

s+1

Æ i

s


learly identi�es G

s

with G

s+t

[p

s

℄. Furthermore, by

de�nition, [p

n

℄G

n

= 0, i.e., [p

n

℄j

G

n

fa
tors through the identity se
tion. Therefore,

[p

s

℄j

G

s+t

fa
tors through G

t

,! G

s+t

. The indu
ed sequen
e

0! G

s

! G

s+t

! G

t

! 0

is then exa
t by (a priori left-exa
tness and) an order 
al
ulation, so we have an
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exa
t diagram

0

//

G

s

i

s;t

//

G

s+t

[p

s

℄

//

""

D

D

D

D

D

D

D

D

G

s+t

[p

t

℄

//

""

E

E

E

E

E

E

E

E

G

s+t

j

s;t

//

G

t

//

0

G

t

""

E

E

E

E

E

E

E

E

E

<<

z

z

z

z

z

z

z

z

G

s

<<

y

y

y

y

y

y

y

y

""

F

F

F

F

F

F

F

F

0

<<

y

y

y

y

y

y

y

y

y

0

<<

x

x

x

x

x

x

x

x

x

0:

�

De�nition 5.1.3. Given a p-Barsotti-Tate group G = (G

n

) over a Henselian lo-


al ring, the 
onne
ted 
omponent G

0

of G is the system formed by the G

0

n

and

fun
toriality of the 
onne
ted-�etale sequen
e.

We see that G

0

is itself a p-Barsotti-Tate group (of height at most htG): it is


lear that the i

n

indu
e 
losed immersions G

0

n

! G

0

n+1

. To 
al
ulate the order jG

0

n

j,

we may pass to the geometri
 
losed �ber, and we are done by the splitting of the


onne
ted-�etale sequen
e and an easy indu
tive argument using Remark 5.1.2. Note

that G

0

has height zero (i.e., is trivial) unless the lo
al base has residue 
hara
teristi


p.

Example 5.1.4. Suppose G is a 
ommutative algebrai
 group s
heme over a base

S and the map [p℄ : G ! G is �nite lo
ally free of rank p

h

(e.g., G 
ould be an

abelian s
heme over S or G

m=S

). The map [p

n

℄ : G ! G is then �nite lo
ally free

of rank p

nh

, and we see by 
hanging the base of [p℄ to G[p

n�1

℄ that there are exa
t

sequen
es

0! G[p℄! G[p

n

℄! G[p

n�1

℄! 0:

By indu
tion, we see that jG[p

n

℄j = p

nh

and that the 
anoni
al 
losed immersion

i

n

: G[p

n

℄! G[p

n+1

℄ identi�es G[p

n

℄ with G[p

n+1

℄[p

n

℄. Thus, the system (G[p

n

℄; i

n

)

is a p-Barsotti-Tate group, the p-Barsotti-Tate group asso
iated to G, whi
h we will

denote by G(p). This is the fundamental example of a p-Barsotti-Tate group whi
h

arises geometri
ally.

In the 
ase where the base S = Spe
R with R a 
omplete Noetherian lo
al ring

and G is 
at over R, then the 
ompleted lo
al ring

b

O

m;G

of the 
losed point on

the identity se
tion is topologi
ally 
at over R and the 
onne
ted 
omponent G(p)

0

has a very 
on
rete interpretation. Re
all from Example 2.2.2 that restri
ting G to

\small points" (Artinian points supported on the identity se
tion) yields a formal

R-group

b

G.

It is easy to see that

b

G[p

n

℄ =

\

G[p

n

℄ = G[p

n

℄

0

(the last identi�ed with its image

in the 
ategory of formal group-fun
tors via Proposition 2.1.26(4)). If G is smooth

over R then [p

n

℄ :

b

G !

b

G is an isogeny of formal Lie groups over R. By Corollary

3.2.8, the natural monomorphism lim

�!

b

G[p

n

℄ !

b

G is an isomorphism, and therefore

the 
onne
ted p-Barsotti-Tate group G(p)

0

is identi�ed with the p-power torsion

levels of a formal Lie group

b

G for whi
h [p℄ is an isogeny. A 
ru
ial fa
t to be proven

later is that all 
onne
ted p-Barsotti-Tate groups over R are \the same" as formal

Lie groups on whi
h [p℄ is an isogeny (see Theorem 6.1.3 and Theorem 6.2.1 below.)

�
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Example 5.1.5. Choosing G = G

m

in Example 5.1.4 shows that over R we may

view the multipli
ative p-torsion p-Barsotti-Tate group (�

p

n

; i

n

) with the 
anoni
al


losed immersions �

p

n

! �

p

n+1

as the p-power torsion levels of

b

G

m

. (We may

observe this 
on
retely:

lim

 �

O(�

p

n

) = lim

 �

R[[X℄℄=((1 +X)

p

n

� 1)

�

=

R[[X℄℄

�

=

O(

b

G

m

)

be
ause R has residue 
hara
teristi
 p.) In general, over any base s
heme, G

m

(p) is

a p-Barsotti-Tate group of height one. �

De�nition 5.1.6. A p-Barsotti-Tate group is formally �etale if G

n

is �etale for every

n.

Example 5.1.7 (Formally �etale p-Barsotti-Tate groups). Given a 
onne
ted

s
heme S, formally �etale p-Barsotti-Tate groups G over S have a simple underlying

stru
ture: if htG = h, then we see that G

n

is identi�ed with the abelian group

(Z=p

n

Z)

h

= (

1

p

n

Z

p

=Z

p

)

h

, equipped with a 
ontinuous a
tion of the �etale fundamen-

tal group of S (using a generalization of the �etale di
tionary). In parti
ular, when

S = Spe
R, a formally �etale p-Barsotti-Tate group is identi�ed with a 
ontinuous

Gal(k

s

=k)-a
tion on the dis
rete group (Q

p

=Z

p

)

h

. �

Example 5.1.8 (Dual p-Barsotti-Tate groups). Dualizing Remark 5.1.2, we see

that (G

_

n

; j

_

1;n

) is another p-Barsotti-Tate group, the dual p-Barsotti-Tate group.

Clearly, htG

_

= htG and there is a unique natural isomorphism �

G

: G ! G

__


ompatible with Cartier duality on torsion levels. Formation of the dual p-Barsotti-

Tate group is 
learly 
ompatible with base 
hange. Given an abelian s
heme A , we

have already des
ribed the asso
iated p-Barsotti-Tate group, A (p). If A

_

denotes

the dual abelian s
heme, the Cartier-Nishi duality theorem yields natural isomor-

phisms A [p

n

℄

_

�

=

A

_

[p

n

℄ 
ompatible with 
hange in n (where the �rst ( � )

_

stands

for the Cartier dual), so we see that A (p)

_

�

=

A

_

(p). �

As Examples 5.1.4 and 5.1.7 make 
lear, when working with p-Barsotti-Tate

groups over R, it is quite natural to 
onsider them as fun
tors and to examine

their images in the 
ategory of formal group-fun
tors over R with a view toward

assemblimg the dire
t limits in the formal 
ategory. We will 
onstru
t su
h limits

and 
hara
terize them in Se
tions 6.1 and 6.2. We will see that De�nition 5.1.3 and

De�nition 5.1.6 will a

ord with the formal group terminology of part I. However,

we see from Example 5.1.8 that the p-Barsotti-Tate viewpoint is also indispensable,

for there is no natural 
onstru
tion of the dual in the formal 
ategory. Similarly,

the formation of the generi
 �ber of a p-Barsotti-Tate group (i.e., making non-lo
al

base 
hange) is mu
h easier to understand on the level of p-Barsotti-Tate groups.

5.2 The Tate module

Let K be a �eld of 
hara
teristi
 zero (e.g., the �eld of fra
tions of a p-adi
 integer

ring).

Given a p-Barsotti-Tate group G = (G

n

; i

n

) over K, we 
an 
onstru
t the ab-

stra
t version of the p-adi
 Tate module of an abelian s
heme. Let K=K be a �xed

separable 
losure.
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De�nition 5.2.1. The Tate module of G is lim

 �

G

n

(K), taken with respe
t to the

j

1;n�1

: G

n

� G

n�1

of Remark 5.1.2

By fun
toriality, we view T (G) as a Z

p

[Gal(K=K)℄-module. It is easy to see that

the underlying module is a free Z

p

-module of rank htG on whi
h Gal(K=K) a
ts


ontinuously.

Example 5.2.2. We de�ne Z

p

(1) = T (G

m

(p)). It is easy to see that this is just

the representation of Gal(K=K) on Z

p

de�ned by the p-adi
 
y
lotomi
 
hara
ter

"

p

: Gal(K=K)! Aut(�

p

1

(K)) = Z

�

p

. �

Using the fun
toriality of Cartier duality and the �etale di
tionary, we see that

T (G

_

) = T (G)

_

def

= Hom

Z

p

(T (G);Z

p

(1)) with the natural Gal(K=K)-a
tion.

Let G be a p-Barsotti-Tate group over K. Given T (G), we may re
over G

n

(K)

by forming T (G)=p

n

T (G) (be
ause j

1;n�1

is indu
ed by multipli
ation by p). On

the other hand, sin
e 
harK = 0, we re
all that the �etale di
tionary is nothing more

than the \K-valued points fun
tor." Thus, we have shown the following.

Proposition 5.2.3. The fun
tor G  T (G) gives an equivalen
e of 
ategories be-

tween p-Barsotti-Tate groups over K and �nite free Z

p

-modules with 
ontinuous

Gal(K=K)-a
tion.

A variant of the Tate module whi
h will appear in the proof of the Hodge-Tate

de
omposition is the module �(G) = lim

�!

G

n

(K) with transition maps given by the

transition maps of G. As above, we �nd that G

n

(K) = �(G)[p

n

℄, and 
onsequently,

we arrive at a similar proposition expressing the fa
t that G �(G) is fully faithful

on p-Barsotti-Tate groups over K. This implies that there is a similar relationship

between �(G) and T (G). In fa
t, we may make this expli
it.

Proposition 5.2.4. As fun
tors on the 
ategory of p-Barsotti-Tate groups over K,

there are natural Gal(K=K)-isomorphisms

T (G) 


Z

p

Q

p

=Z

p

�

! �(G) T (G)

�

! Hom

Z

p

(Q

p

=Z

p

;�(G)):

Proof. The isomorphism T (G)


Z

p

Q

p

=Z

p

�

! �(G) follows from the fa
t that lim

�!

and 
 
ommute, 
ombined with the fa
t that T (G)=p

n

T (G) = G

n

(K).

The isomorphism T (G) ! Hom

Z

p

(Q

p

=Z

p

;�(G)) 
omes about as follows: there

is a natural isomorphism

Hom

Z

p

(Q

p

=Z

p

; lim

�!

G

n

(K))

�

! lim

 �

Hom

Z

p

(Z

p

=p

n

Z

p

; lim

�!

G

n

(K)):

But the system (G

n

; i

n

) has inje
tive transition maps and ea
h G

n

(K) is a �nite

p-group, so it is easy to see that there are natural isomorphisms

G

n

(K)

�

! Hom

Z

p

(Z

p

; G

n

(K))

�

! Hom

Z

p

(Z

p

=p

n

Z

p

; lim

�!

G

n

(K));

and therefore the proje
tion maps T (G) ! T (G)=p

n

T (G) yield a natural isomor-

phism T (G)

�

! Hom

Z

p

(Q

p

=Z

p

;�(G)). It is easy to 
he
k that all of the isomor-

phisms are Gal(K=K)-equivariant.

Thus, for a p-Barsotti-Tate group G over K, the Tate module T (G) and the

module �(G) 
arry information equivalent to G, and one may easily move among G,

T (G) and �(G). This easily understood mutual relationship will play an important

role in Proposition 7.1.2, where we exploit all three obje
ts simultaneously.

44



5.3 Statement of the results

Let R be a 
omplete mixed 
hara
teristi
 (0; p) dis
rete valuation ring with fra
tion

�eld K. For a p-Barsotti-Tate group G over R, we let G

K

denote the generi
 �ber of

G, and we de�ne T (G)

def

= T (G

K

). We write G

_

for the dual p-Barsotti-Tate group

to G.

Our goal is to prove the theorems alluded to in the General Introdu
tion in

the 
ontext of p-Barsotti-Tate groups. In parti
ular, we will show two fundamental

results:

Hodge-Tate De
omposition (Theorem 7.1.3). There are �nite dimensional K-

ve
tor spa
es t

G

_

atta
hed to G

_

and t

�

G

atta
hed to G su
h that there is a 
anoni
al

Gal(K=K)-equivariant de
omposition

Hom

Z

p

(T (G);C

K

) = (t

G

_




K

C

K

)� (t

�

G




K

C

K

(�1))

Isogeny Theorem (Theorem 7.2.1). The generi
 �ber fun
tor G G

K

is fully

faithful.

It is diÆ
ult and 
on
eptually unsatisfying to try to prove these theorems with-

out leaving the 
ontext of p-Barsotti-Tate groups. Therefore, we will �rst see how

to assemble p-Barsotti-Tate groups into formal limits 
alled p-divisible groups. We

will see that the 
onne
ted 
omponents of p-divisible groups are a
tually formal Lie

groups (the Smoothness Theorem). Given this information, we will do two things:

1) We will see how to de�ne \points" of a p-divisible group in su
h a way that

the points in the 
onne
ted 
omponent form an analyti
 group. Given su
h

an analyti
 group, we will de�ne a logarithm fun
tion whi
h, in 
onjun
tion

with a 
ru
ial input from Cartier duality, will 
onne
t the Tate module of a

p-Barsotti-Tate group to the global geometry of the limit p-divisible group.

This will furnish a proof of the Hodge-Tate de
omposition.

2) We will use our results about formal Lie groups (e.g., Corollary 4.3.11) to 
om-

pute the dis
riminant ideals of the �nite stages of p-Barsotti-Tate groups; these


al
ulations, along with data produ
ed by the Hodge-Tate de
omposition, will

form the basis for a proof of the Isogeny Theorem.

With this plan in mind, we begin our dis
ussion of

6 The 
onne
tion to formal groups

Restri
ting our attention to Artinian points, we may view the �nite stages G

n

of

any p-Barsotti-Tate group G over our 
omplete dis
rete valuation ring R as formal

group-fun
tors (pro-represented by the R-algebras O(G

n

) with their unique pro�nite

R-algebra topologies). This allows us to form the limit lim

�!

G

n

, whi
h we will also

denote by G (a minor abuse of notation; see Theorem 6.1.3). In this se
tion we

will show that the 
ategory of p-Barsotti-Tate groups is equivalent, under this limit

operation, to a 
ategory of formal groups whi
h we will 
all p-divisible groups. The

primary advantage of this point of view is embodied in the Smoothness Theorem,
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whi
h shows that the 
onne
ted 
omponent of a p-divisible group is a
tually a formal

Lie group. Given this 
ru
ial pie
e of information, we 
an de�ne a se
ond invariant

of a p-divisible group, the dimension. The remarkable fa
t, proved in the Pairing

Proposition (Proposition 7.1.2), is that the Tate module T (G) = T (G

K

), depending

only upon the generi
 �ber, is sensitive to this dimension, whi
h depends upon the

global stru
ture of G over R.

6.1 p-divisible groups

In this se
tion, we drop the hypothesis that R be a 
omplete dis
rete valuation ring,

requiring only that R be a pseudo
ompa
t ring. Given a p-Barsotti-Tate group

(G

n

; i

n

) over R, write G = lim

�!

G

n

in the 
ategory of formal R-groups. In the 
ase of

ordinary groups, indu
tive limitsG of \p-Barsotti-Tate groups of height h" are easily


lassi�ed by the three properties: 1) p : G ! G is a surje
tion; 2) G = lim

�!

G[p

n

℄;

3) G[p℄ has order p

h

. By standard arguments, these three properties also 
hara
terize

the formally �etale limits of formally �etale p-Barsotti-Tate groups. The following two

de�nitions extend properties 1), 2), and 3) to the 
ategory of formal R-groups.

De�nition 6.1.1. A 
ommutative formal R-group G is a formal p-group if the

morphism [p℄ : G ! G is topologi
ally faithfully 
at and the natural formal 
losed

immersion lim

�!

G[p

n

℄! G is an isomorphism.

Note that if R is a lo
al pseudo
ompa
t ring with residue 
hara
teristi
 p, Corol-

lary 3.2.8 shows that every 
ommutative formal R-group G su
h that [p℄ : G ! G

is topologi
ally faithfully 
at is a formal p-group.

De�nition 6.1.2. A 
ommutative formal R-group G is a p-divisible group of height

h if G is a formal p-group and G[p℄ is a �nite group of order p

h

.

Having written down the de�nitions in general, the formally �etale situation also

generalizes as follows. Given a pseudo
ompa
t ring R, let B

p

denote the 
ategory of

p-Barsotti-Tate groups over R and let

b

B

p

denote the 
ategory of p-divisible groups

over R.

Theorem 6.1.3. There is a height-preserving equivalen
e of 
ategories between B

p

and

b

B

p

sending a p-Barsotti-Tate group (G

n

; i

n

) to lim

�!

G

n

and a p-divisible group

G to (G[p

n

℄; i

n

), where i

n

is the obvious 
losed immersion.

Proof. Given a p-divisible group, taking the �ber produ
t of [p℄ : G ! G with

G[p

n�1

℄ ,! G gives an exa
t sequen
e

0! G[p℄! G[p

n

℄! G[p

n�1

℄! 0(6.1.1)

for ea
h n. By Proposition 3.1.12 and indu
tion on n, we see from (6.1.1) that G[p

n

℄

is a �nite R-group for all n. Sin
e jG[p℄j = p

h

, we see that jG[p

n

℄j = p

nh

. Taking

the �ber of G[p

n

℄ ,! G over G[p

n+1

℄ ,! G shows that i

n

: G[p

n

℄ ! G[p

n+1

℄ is a


losed immersion. Thus, (G[p

n

℄; i

n

) is a p-Barsotti-Tate group over R. Be
ause G

is formal p-group, we see that lim

�!

G[p

n

℄ = G.

On the other hand, suppose (G

n

; i

n

) is a p-Barsotti-Tate group over R. Letting

G = lim

�!

G

n

, we see by Yoneda's Lemma that G

n

= G[p

n

℄. Be
ause ea
h G

n

is
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topologi
ally 
at over R, G is also topologi
ally 
at over R. Finally, we 
laim that

[p℄ : G ! G is an isogeny of degree p

h

. Sin
e G[p℄ is a �nite R-group of order p

h

,

it remains to prove that [p℄ is topologi
ally faithfully 
at. However, Remark 5.1.2

shows that the map j

1;n�1

: G

n

! G

n�1

indu
ed by [p℄ is topologi
ally faithfully


at. By Proposition 2.1.19, we see that [p℄ : G ! G is topologi
ally faithfully


at. Thus, G is a p-divisible group, and (G[p

n

℄; i

n

) = (G

n

). It is 
lear that both

G  (G[p

n

℄; i

n

) and (G

n

)  lim

�!

G

n

are fun
torial, and we have just veri�ed that

they are quasi-inverses.

Now that we have 
hara
terized, in some degree of generality, exa
tly whi
h

formal groups arise as limits of p-Barsotti-Tate groups (by whi
h we will always mean

\limits of torsion levels of p-Barsotti-Tate groups"), we reinstate the hypothesis

that R is a lo
al pseudo
ompa
t ring with residue 
hara
teristi
 p. Be
ause R is

Henselian, we may 
onsider the 
onne
ted 
omponent of a p-divisible group, and

it is 
lear by fun
toriality and the 
omments following De�nition 5.1.3 that the


onne
ted-�etale sequen
e of a p-divisible group is a sequen
e of p-divisible groups.

The usual arguments show that a formally �etale p-divisible group may be viewed as

a dis
rete Galois module for the absolute Galois group of the residue �eld of R. It

turns out that 
onne
ted p-divisible are also well-behaved.

Example 6.1.4. Re
all from Example 5.1.4 that for a 
at 
ommutative algebrai


group s
heme G over a 
omplete Noetherian lo
al ring R for whi
h [p℄ : G ! G is

�nite lo
ally free of rank p

h

, the 
onne
ted 
omponent G(p)

0

(viewed as a formal

group via Theorem 6.1.3) is represented by

b

O

m;G

. When m is a smooth point of G,

we see that G(p)

0

is formally smooth.

In parti
ular, when G =G

m

, we see by making the 
hange of variable x = t+1 in

the algebra R[x; x

�1

℄ of G

m=R

that G

m

(p)

0

=

b

G

m

is represented by R[[t℄℄ (with the

usual formal Hopf stru
ture as given in Example 2.2.4), hen
e is formally smooth.

Similarly, when G is an abelian s
heme over R, we see by smoothness that G(p)

0

is

represented by the 
ompleted lo
al ring at m, whi
h has (relative) dimension equal

to dimG. In both of these 
ases, none of the �nite stages G[p

n

℄

0

is smooth, in


ontrast to the formal smoothness of the limit. �

Example 6.1.4 demonstrates that the 
onne
ted 
omponent of a p-divisible group

over R has a ri
h stru
ture whi
h is not apparent at �nite stages. In general, as

we will prove in Theorem 6.2.1 below, the 
onne
ted 
omponent of any p-divisible

group is always formally smooth. This 
ru
ial result (due to Serre and Tate) will let

us use ideas from Lie theory (e.g., invariant di�erentials) in the study of 
onne
ted

p-divisible groups.

6.2 The smoothness theorem

We retain the notation that (R;m; k) is an arbitrary lo
al pseudo
ompa
t ring with


har k = p. Re
all that \formal Lie group over R" and \formally smooth formal

group over R of �nite relative dimension" are synonomous.

Theorem 6.2.1 (Smoothness Theorem). If G is a 
onne
ted p-divisible group

over R, then G is a formal Lie group over R.
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By Proposition 3.3.1, if G is a formal group over a pseudo
ompa
t ring R with

residue �eld k and k

0

is a �eld extension of k, then G is a formal Lie group over

R if and only if G

k

0

is a formal Lie group over k

0

. Therefore, it suÆ
es to prove

the Smoothness Theorem on the geometri
 
losed �ber, so we may assume that the

base R is a �eld k of 
hara
teristi
 p > 0. (If 
har k 6= p, then the only 
onne
ted

p-divisible group over k is the trivial group, as we easily see from the p-Barsotti-Tate

vantage point.) In what follows, k will be a �eld of 
hara
teristi
 p > 0. Using the

fa
t that 
har k = p > 0, we will redu
e the proof of the Smoothness Theorem over

k to the following:

Proposition 6.2.2. If G is a 
onne
ted formal group over k, then G is a formal

Lie group if and only if the relative Frobenius F : G! G

(p)

is an isogeny.

Lemma 6.2.3. Proposition 6.2.2 implies Theorem 6.2.1.

Proof. Having redu
ed our base to k, we re
all that the 
ommutative formal groups

over k form an abelian 
ategory where epimorphisms (
alled \surje
tions") are topo-

logi
ally faithfully 
at maps.

If G is a 
onne
ted p-divisible group, then so is the base 
hange G

(p)

. Sin
e any

p-divisible group is a formal p-group, the map [p℄ : G

(p)

! G

(p)

is a surje
tion, but

by Theorem 3.2.4 this fa
tors as

G

(p)

V

�! G

F

�! G

(p)

;

so F must be a surje
tion. Furthermore, by de�nition, G[p℄ is �nite of order p

h

and

kerF � G[p℄, so F is an isogeny.

Therefore, it remains to prove Proposition 6.2.2. In what follows, G is a 
on-

ne
ted formal group over k. Given a morphism f : G! H, we will let G[f ℄ denote

ker f .

Lemma 6.2.4. If the relative Frobenius F : G! G

(p)

is an isogeny, then degF =

p

h

for some h � 0, jG[F

n

℄j = p

nh

for all n, and the natural monomorphism

lim

�!

G[F

n

℄! G is an isomorphism.

Proof. The �nal ismomorphism is easily extra
table from the proof of Proposition

3.2.7. That degF = p

h

for some integer h � 0 follows from the stru
ture theorem

for �nite 
onne
ted group s
hemes (Theorem 3.2.11) and the fa
t that any 
losed

subgroup of G must be 
onne
ted. To 
ompute the order of G[F

n

℄ we will show

that there is an exa
t sequen
e

E

n

: 0! G[F ℄! G[F

n

℄! G

(p)

[F

n�1

℄! 0

for ea
h n. By base 
hange, G

(p)

[F

n�1

℄ = G[F

n�1

℄

(p)

, so by indu
tion we may

assume that G

(p)

[F

n�1

℄ is a �nite k-group of order p

(n�1)h

. By Proposition 3.1.12,

we see that G[F

n

℄ is also a �nite k-group, and we are done by the multipli
ativity

of orders in an exa
t sequen
e.
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To see that there is su
h a sequen
e E

n

, re
all that topologi
al faithful 
atness is

stable under base 
hange. Therefore, we see that F

n

: G! G

(p

n

)

is also an isogeny.

Considering the triangle

G

F

// //

F

n

!!

!!

D

D

D

D

D

D

D

D

G

(p)

F

n�1

{{

{{w

w

w

w

w

w

w

w

G

(p

n

)


ompletes the proof.

Proof of Proposition 6.2.2. Let (A;m) be the (lo
al) pro�nite (augmented) k-algebra

of G, and let (B

n

;m

n

) be the �nite k-algebra of G[F

n

℄. Compatibility of the

group laws shows that the splittings indu
ed by the augmentations A = k �m and

B

n

= k�m

n

are 
ompatible (for all n) and that m = lim

 �

m

n

. Furthermore, the maps

A! B

n


orresponding to the natural inje
tion G[F

n

℄ ,! G are all surje
tive (as this

is true of kernel morphisms in general). By �niteness we may 
hoose x

1

; : : : ; x

`

2 m

su
h that their images in m

1

=m

2

1

are a k-basis. Composing the transition maps gives

a map B

n

� B

1

whi
h identi�esG[F ℄ withG[F

n

℄[F ℄ (e.g., by Yoneda's Lemma), and

therefore we have a natural indu
ed isomorphism B

n

=F (m

n

)

�

! B

1

. Sin
e F (m

n

) is

generated by fx

p

: x 2 m

n

g and p � 2, there is an isomorphism of 
otangent spa
es

m

n

=m

2

n

�

! m

1

=m

2

1

. We thus see that the images of x

1

; : : : ; x

`

are a k-basis for ea
h

m

n

=m

2

n

.

The result of all of this is that the maps u

n

: k[X

1

; : : : ;X

`

℄ ! B

n

sending

X

i

7! x

i

are a 
ompatible system of surje
tions. Be
ause B

n

= O(G[F

n

℄), we see

that (X

p

n

1

; : : : ;X

p

n

`

) � ker u

n

. On the other hand, dim

k

(B

n

) = p

`n

by Lemma

6.2.4, so (X

p

n

1

; : : : ;X

p

n

`

) = ker u

n

and the u

n

indu
e a 
ompatible system of isomor-

phisms k[X

1

; : : : ;X

`

℄=(X

p

n

1

; : : : ;X

p

n

`

) ! B

n

. Passing to the inverse limit, we get

an isomorphism k[[X

1

; : : : ;X

n

℄℄

�

! A of pro�nite k-algebras.

The 
onverse follows by an expli
it 
al
ulation (using the 
on
rete des
ription

of the morphism F ).

Corollary 6.2.5. If the residue �eld k of R is perfe
t and G is a p-divisible group

over R, then the 
onne
ted-�etale sequen
e 0 ! G

0

! G ! G

�et

! 0 splits as a

sequen
e of formal R-fun
tors. In other words, there is an isomorphism of pro�nite

R-algebras O(G) = O(G

0

)

b




R

O(G

�et

) 
ompatible with the 
onne
ted-�etale sequen
e.

Proof. Be
ause k is perfe
t, the 
losed �ber of the 
onne
ted-�etale sequen
e uniquely

splits, and this says that there is an isomorphism of pro�nite O(G

�et

)

k

-algebras

O(G

k

)

�

=

O(G

�et

)

k

[[X

1

; : : : ;X

`

℄℄ = O(G

�et

)

k

b




k

O(G

0

)

k

:(6.2.1)

On the other hand, both O(G

�et

)[[X

1

; : : : ;X

`

℄℄ and O(G) are topologi
ally faithfully


at over O(G

�et

), whi
h is itself topologi
ally 
at over R. We may lift the 
losed

�ber isomorphism (6.2.1) to a map

O(G

�et

)

b




R

O(G

0

) = O(G

�et

)[[X

1

; : : : ;X

`

℄℄! O(G)

of topologi
ally 
at pro�nite R-algebras, and this is an isomorphism by a Formal

Nakayama's Lemma argument.

49



Corollary 6.2.5 will play a 
riti
al role in our study of the analyti
 groups at-

ta
hed to p-divisible groups in Se
tion 6.3.

Remark 6.2.6. The use of O(G

�et

) and topologi
al 
atness 
onsiderations over this

ring in the proof of Corollary 6.2.5 demonstrates on
e again the importan
e of the


on
ept of topologi
al 
atness over non-Noetherian pseudo
ompa
t rings, even for

an analysis of formal groups over a 
omplete Noetherian lo
al ring. �

De�nition 6.2.7. Given a p-divisible group G over R, we de�ne the dimension of

G, denoted dimG, to be the (�nite) relative dimension of the formal Lie group G

0

.

Equivalently, writing O(G

0

) = R[[X

1

; : : : ;X

`

℄℄, we see that dimG is the rank of

the �nite free R-module I=I

2

, where I is the augmentation ideal of O(G

0

). Similarly

(see Appendix A), the dimension of G is rank of the �nite free O(G

0

)-module 


1

G

0

=R

.

6.2.1 The behavior of the dimension under dualization

When our lo
al ring R is Noetherian, Example 6.1.4 shows that an abelian s
heme

G over R of relative dimension g has asso
iated p-divisible group G(p) of height

2g and dimension g. If G

_

denotes the dual abelian s
heme to G, then G

_

has

dimension g and Cartier-Nishi duality (see Example 5.1.8) identi�es G

_

(p) with the

dual p-divisible group G(p)

_

, so this dual p-divisible group has dimension g as well.

Thus,

dimG(p) + dimG(p)

_

= htG(p):

Similarly, the multipli
ative group G

m

has asso
iated p-divisible group G

m

(p)

of height one and dimension one. On the other hand, sin
e �

_

p

n

= Z=nZ, we see

that G

m

(p)

_

is formally �etale, so dimG

m

(p)

_

= 0 by de�nition. Therefore,

dimG

m

(p) + dimG

m

(p)

_

= htG

m

(p):

In general, we have the following proposition.

Proposition 6.2.8. Suppose G is a p-divisible group over R. If n = dimG, n

_

=

dimG

_

, and h = htG, then

n+ n

_

= h:

Proof. Be
ause the height and dimension are invariant under lo
al base 
hange, we

may work over the 
losed point and assume that R = k. By a faithfully 
at base

extension, we may take k to be perfe
t. Be
ause [p℄ is an isogeny and we are in an

abelian 
ategory, every map in diagram (3.2.1) is a surje
tion. Therefore, there is

an exa
t sequen
e

0! G[F ℄! G[p℄

F

�! G

(p)

[V ℄! 0:(6.2.2)

Clearly, jG[F ℄j = jG[p℄[F ℄j = p

n

by Proposition 6.2.2 and the splitting of the


onne
ted-�etale sequen
e, with F an isomorphism on the �etale fa
tor. By Theo-

rem 3.2.4, we see that there is an exa
t sequen
e

0! G

(p)

[V ℄! G

(p)

[p℄

V

�! G[p℄:
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By duality, we see that

0! G[p℄

_

[F ℄! G[p℄

_

F

�! G

(p)

[p℄

_

! G

(p)

[p℄[V ℄

_

! 0

is exa
t. The middle two terms have the same order, so using the de�nition of

the dual p-Barsotti-Tate group, the 
ompatibility properties base 
hange, and the

multipli
ativity of orders, jG

(p)

[V ℄j = jG

_

[F ℄j = p

n

_

. By (6.2.2), p

h

= p

n+n

_

.

Proposition 6.2.8 will help us to relate G and G

_

in the proof of the Hodge-Tate

de
omposition.

6.2.2 Using smoothness to 
ompute dis
riminants of p-Barsotti-Tate

groups

Our strategy for proving the Isogeny Theorem will be to redu
e the problem to

showing that a morphism f : G! H of p-divisibleR-groups whi
h is an isomorphism

on generi
 �bers is in fa
t an isomorphism. As we dis
ussed in the beginning of

Se
tion 4, given that f : G ! H indu
es an isomorphism on generi
 �bers, we


an prove that f is an isomorphism of p-divisible groups over the entire base R by

showing that dis
G[p

t

℄ = dis
H[p

t

℄ for all t. We will show in Proposition 6.2.12

that dis
G[p

t

℄ depends only upon t, dimG, and htG. The key point is to show that

T (G) \knows" dimG. With this in mind, we pro
eed.

Given a p-Barsotti-Tate group over R, the 
al
ulation of dis
G

n

redu
es to a


omputation of dis
G

0

n

(see Corollary 6.2.11), and the Smoothness Theorem (The-

orem 6.2.1) relates dis
G

0

n

to the dis
riminant of the isogeny [p

n

℄ : G

0

! G

0

, whi
h

we 
an understand using our results about formal Lie groups.

Lemma 6.2.9. If 0 ! G

1

! G

2

! G

3

! 0 is a short-exa
t sequen
e of �nite

lo
ally free group s
hemes over a base S, then

dis
(G

2

) = dis
(G

1

)

jG

3

j

dis
(G

3

)

jG

1

j

:

Proof. We immediately redu
e to the 
ase where the base is a lo
al ring A. Let

B = O(G

3

) and C = O(G

2

). By the de�nition of a short exa
t sequen
e, there is

a tower A ,! B ,! C of �nite lo
ally free ring extensions of 
onstant ranks, and

rk

B

C = jG

1

j (it is an exer
ise in 
ommutative algebra to see that su
h a tower must

in fa
t be free). By the transitivity of dis
riminants (Theorem 4.2.1),

dis


C=A

= N

B=A

(dis


C=B

) dis


rk

C

B

B=A

:

Thus, it remains to show that N

B=A

(dis


C=B

) = dis


rk

A

B

C=A

, where C = C=I

B

C, for

I

B

the augmentation ideal of B. By Yoneda's Lemma, there is an isomorphism


ompatible with se
ond proje
tions

G

1

�

S

G

2

�

=

G

2

�

G

3

G

2

given on points by (x; y) 7! (xy; y). Translating this into algebra and using 
ompat-

ibility of the norm with base extension, this says exa
tly that (dis


C=A

)C = dis


C=B

.

Therefore, by the de�nition of the norm, N

B=A

(dis


C=B

) = dis


rk

A

B

C=A

.
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Lemma 6.2.10. If X ! S is �nite lo
ally free, then X is �etale over S if and only

dis
(X) is the unit ideal.

Proof. It is easy to see that dis
(X) is the unit ideal if and only if dis
(X

k

) is a

unit in every geometri
 �ber X �

S

Spe
k. Be
ause X ! S is �nite lo
ally free,

we easily redu
e to the 
ase where X = Spe
A for some �nite lo
al k-algebra

(A;m), and we are redu
ed to proving that dis


k

A = 0 if A 6= k (the 
onverse is


lear). Multipli
ation by any a 2 m is a nilpotent k-endomorphism of A, hen
e

Tr

A=k

(a) = 0. Thus, taking a k-basis e

1

; : : : ; e

n

for A with e

1

= 1 and e

i

2 m for

i > 1, we see that the matrix Tr

A=k

(e

i

e

j

) has determinant zero if n > 1.

Corollary 6.2.11. For a �nite group s
heme G over R, dis
G = (dis
G

0

)

jG

�et

j

.

Proposition 6.2.12. Given a p-divisible group of height h and dimension n over

R, dis
(G[p

�

℄) = p

n�p

�h

.

Proof. By Corollary 6.2.11, it suÆ
es to show that dis
(G[p

�

℄

0

) = p

n�jG

0

[p

�

℄j

: But

we know that [p℄ : G

0

! G

0

is an isogeny of formal Lie groups by the Smoothness

Theorem, and therefore we are done by Corollary 4.3.11.

6.3 An analyti
 interpretation

In this se
tion, we suppose that R is a 
omplete mixed 
hara
teristi
 (0; p) dis
rete

valuation ring with fra
tion �eld K and that G = Spf

R

A is a formal group over R.

6.3.1 Points and the logarithm: generalities

De�nition 6.3.1. Given a topologi
al R-algebra S, the group of points of G in S,

denoted G(S), is de�ned to be the group Hom


ont

(A;S) of 
ontinuous R-algebra

maps A! S.

If S is the ring of integers in the 
ompletion L of an algebrai
 extension of K

and G is a formal Lie group over R with relative dimension n, we see upon 
hoosing

formal 
oordinates for G that G(S) is identi�ed with the open unit ball in L

n

(under

the d

1

metri
, where d

1

(y

1

; : : : ; y

n

) = maxfjy

i

jg), and the formal analyti
ity (with

R-
oeÆ
ients) of the group law for G gives an analyti
 group stru
ture to G(S).

In other words, taking points of a formal Lie group results in a \rigid Lie group."

Using p-adi
 Lie theory , one 
an 
onstru
t a 
anoni
al lo
al analyti
 isomorphism

log : G(S) ! t

G

(L), with t

G

(L) as in De�nition 6.3.3 below, and there is a p-

adi
 \Cambell-Baker-Hausdor� formula" whi
h explains why the logarithm map

G(S)! t

G

(L) is a group homomorphism. While this may be more satisfying from an

analyti
 perspe
tive, we will not take the p-adi
 Lie theory approa
h here. Instead,

we will use a formal \generi
 �ber" isomorphism whi
h exists in the 
ommutative


ase (whi
h is all that we need here) to 
onstru
t the 
anoni
al logarithm:

Lemma 6.3.2. If � is a 
ommutative formal Lie group of dimension n over a �eld

K of 
hara
teristi
 zero, then there is an isomorphism of formal K-groups �

�

=

Q

n

i=1

G

a

.
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Proof. The methods involved in this proof are rather orthogonal to our purposes,

so we refer the reader to Appendix B.

De�nition 6.3.3. For a formal Lie group G over R with augmentation ideal I, the

tangent spa
e t

G

to G at the identity is de�ned to be the fun
tor on topologi
al

R-modules represented by I=I

2

. By Proposition A.2.1, this is equivalent to the

fun
tor represented by the R-module 


1;`

G=R

of left-invariant di�erential forms on G,

and t

G

(R) is a �nite free R-module. The points of t

G

in a topologi
al R-algebra L,

denoted by t

G

(L), is the set Hom

R-mod

(I=I

2

; L).

Given L, the natural map L


R

t

G

(R) ! t

G

(L) of (�nite free) L-modules is an

isomorphism, where t

G

(L) is 
anoni
ally topologized by the produ
t topology.

Proposition 6.3.4. If G is a 
ommutative formal Lie group of dimension n over

R and L is the 
ompletion of an algebrai
 extension of K with integer ring S � L,

then there is a natural homomorphism of topologi
al groups

log : G(S)! t

G

(L);

fun
torial in the pair S � L as well as in G. Upon 
hoosing an isomorphism

O(G) = R[[X

1

; : : : ;X

n

℄℄ and letting

B

def

= f(x

1

; : : : ; x

n

) 2 G(S) : jx

i

j < jpj

�1=(p�1)

g

B

0

def

= f� 2 t

G

(L) : j�(!)j < jpj

�1=(p�1)

for all ! 2 


1;`

G=R

g;

the logarithm yields a topologi
al (analyti
) isomorphism B

�

=

B

0

.

To prove Proposition 6.3.4, we will �rst prove a formal analogue of Poin
ar�e's

Lemma. Given antiderivatives for the invariant 1-forms on G, we will 
onstru
t the

logarithm and show that it satis�es fun
torial properties. Finally, we will establish

that it is a lo
al isomorphism.

Lemma 6.3.5. Given any invariant di�erential form ! 2 


1

G=R

, there exists a

unique formal power series 


!

2 K[[X

1

; : : : ;X

n

℄℄ su
h that 


!

(0) = 0 and d


!

= !.

Proof. We may \formally 
hange the base" to K by way of the 
anoni
al 
ontinuous

inje
tion R ,! K. By Lemma 6.3.2, we then see that there is an isomorphism




1;`

G

K

=K

�

=




1;`

Q

G

a

=K

. By the fun
torial properties of left-invariant di�erentials (or

by Proposition A.2.1), we see that 


1;`

Q

G

a

=K

�

!

Q




1;`

G

a

=K

under the natural map




1

Q

G

a

=K

�

!

Q

p

�

i




1

Q

G

a

=K

, and now it is easy to see that we are done.

Remark 6.3.6. Be
ause �


!

=�X

i

2 R[[X

1

; : : : ;X

n

℄℄ for all i, we see that ea
h 


!

has the property

(y) if a is a 
oeÆ
ient of a term of total degree m, then ma 2 R.

Therefore, the usual estimates show that 


!


onverges to an analyti
 (hen
e 
ontinu-

ous) fun
tion onG(S). By Proposition A.2.5 and Remark A.2.6, we see thatm

�




!

=

p

�

1




!

+ p

�

2




!

, and therefore for x

1

; x

2

2 G(S), 


!

(x

1

+ x

2

) = 


!

(x

1

) + 


!

(x

2

). �
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De�nition 6.3.7. The logarithm is the topologi
al group homomorphism

log = log

G

: G(S)! t

G

(L) = Hom

R

(


1;`

G=R

; L)

de�ned by

x 7! (! 7! 


!

(x)):

This is easily seen to be independent of the isomorphismO(G)

�

=

R[[X

1

; : : : ;X

n

℄℄.

Remark 6.3.8. We will prove in Lemma 6.3.12 below that for a p-divisible group G

over R, G(S) has a unique topologi
al Z

p

-module stru
ture su
h that the analyti


group G

0

(S) is an open subgroup. Having established that log is 
ontinuous in

Remark 6.3.6, we 
on
lude by 
ontinuity that if G is a p-divisible group, log is

a
tually Z

p

-linear. �

Be
ause group morphisms pull ba
k left-invariant di�erentials to left-invariant

di�erentials and 


�

�

!

= �

�




!

, the fun
toriality of log

G

in G is 
lear. Fun
toriality

in S � L follows from the fa
t that 


!

has 
oeÆ
ients in K. To 
omplete the

proof of Proposition 6.3.4, it remains to show that log establishes a lo
al analyti


isomorphism.

Proof of the lo
al isomorphism. We will pro
eed by 
onstru
ting a formal inverse

fun
tion and then 
he
king that both sides 
onverge on appropriate balls.

Write O(G) = R[[X

1

; : : : ;X

n

℄℄. We know that there exist left-invariant di�eren-

tials !

1

; : : : ; !

n

freely generating 


1

G=R

=

L

R[[X

1

; : : : ;X

n

℄℄dX

i

. Therefore, there

exist a

ij

2 R[[X

1

; : : : ;X

n

℄℄ su
h that !

i

=

P

a

ij

dX

j

and det(a

ij

) 2 R[[X

1

; : : : ;X

n

℄℄

�

.

Redu
ing modulo (X

1

; : : : ;X

n

), we see that we may assume after a homogeneous

linear 
hange of 
oordinates that a

ij

� Æ

ij

(mod X

1

; : : : ;X

n

). Thus, we may write




i

def

= 


!

i

= X

i

+ higher order terms.

We also know that 


i

has the property (y) of Remark 6.3.6. By an indu
tive


al
ulation, given that 


i

� X

i

(mod X

1

; : : : ;X

n

), we see that there is a formal

inverse 


�1

= (


�1

; : : : ;


�n

) to 
 = (


1

; : : : ;


n

) whi
h has the weaker property

(z) if a is a 
oeÆ
ient of a term of total degree m, then m!a 2 R.

Clearly, property (y) implies (z). But it is 
lear that any n-tuple of formal power

series 
 = (


1

; : : : ;


n

) with property (z) 
onverges to an analyti
 fun
tion in the

ball of radius jpj

�1=(p�1)

in the d

1

metri
 on L

n

. Using !

1

; : : : ; !

n

to identify t

G

(L)

with L

n

, we see that 


�1

gives an analyti
 inverse to 
 on the open ball of radius

jpj

�1=(p�1)

around the origin in t

G

(L) (whi
h must be a group homomorphism).

(Be
ause we 
annot be sure that 


�1

satis�es any stronger property than (z), we


annot a priori extend the analyti
 isomorphism to a larger ball of t

G

(L).)

Example 6.3.9. We saw in Example 6.1.4 that G = G

m

(p) =

b

G

m

is a 
on-

ne
ted p-divisible of height one and dimension one. Given S and 
hoosing a basis

for O(G

m

(p)), it is not too hard to see that there is a topologi
al isomorphism

G(S) ! U

S

: x 7! 1 + x, where U

S

is the (topologi
al) group of prin
ipal units

of S. Classi
ally, we have the ordinary p-adi
 logarithm log

p

: U

S

! L. Writing
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O(G

m

(p)) = R[[T ℄℄, we see that dT=(T + 1) is an invariant di�erential on G

m

(p)

with antiderivative log

p

(1+T ) (as a formal power series), and therefore we see that

log

G

: G(S) ! t

G

(L) is identi�ed with log

p

: U

S

! L by 
hoosing the basis T

(mod T

2

) for t

G

(L). This identi�
ation will play a 
ru
ial role in the sequel. �

6.3.2 Points and the logarithm: p-divisible groups

While we 
annot easily generalize Proposition 6.3.4 to an arbitrary 
ommutative

formal group, the �etale quotient of a p-divisible group is ni
e enough to allow us

to extend our 
onstru
tion. We will show in Lemma 6.3.12 that G

�et

(S) is a
tually

a p-power torsion group. Assume for the moment that this is true. By Corollary

6.2.5, we see that for any S as above, there is an exa
t sequen
e

0! G

0

(S)! G(S)! G

�et

(S)! 0;(6.3.1)

fun
torial in G and S. Given this information, we see that we may extend the

logarithm uniquely as follows:

De�nition 6.3.10. Given x 2 G(S), 
hoose m su
h that p

m

x 2 G

0

(S). De�ne

log(x) =

1

p

m

log(p

m

x):

It is 
lear that this de�nition is independent of m and that we have given the

unique extension of log

G

0

to a 
ontinuous Z

p

-linear fun
tion

log = log

G

: G(S)! t

G

0
(L):

(In parti
ular, we see that log

G

kills the torsion subgroup G(S)

tors

of G(S).) This


onstru
tion is 
learly fun
torial in S � L and G. In what follows, t

G

def

= t

G

0
.

Proposition 6.3.11. The logarithm indu
es an isomorphism of Q

p

-ve
tor spa
es

G(S) 


Z

p

Q

p

! t

G

(L):

The kernel ker log is pre
isely G(S)

tors

, the torsion subgroup. If the valuation on S

is dis
rete, then logG(S) is 
ontained in a �nitely generated S-submodule of t

G

(L).

If L is algebrai
ally 
losed, then logG(S) = t

G

(L).

Proof. We will �rst prove that ker log = G(S)

tors

. As we noted above (using Lemma

6.3.12 below and (6.3.1)), for any x 2 G(S) there is some n su
h that p

n

x 2 G

0

(S).

Sin
e G(S)

tors

� ker log, we 
learly need only prove that there exists m su
h that

p

n+m

x 2 B, the open ball where log is an isomorphism. We 
laim that for y 2 G

0

(S),

the sequen
e p

m

y tends to 0. Re
all that

[p℄

�

(X

i

) = pX

i

+ higher order terms.

For all y = (y

1

; : : : ; y

n

) 2 G

0

(S), we have jy

i

j < 1 for all i. It follows from this

information (and the fa
t that jpj < 1) that p

m

y ! 0 in G

0

(S) as m!1, so there

is some m su
h that p

n+m

x 2 B. Therefore, ker log = G(S)

tors

be
ause all torsion

is p-power torsion by Lemma 6.3.12 below.
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In fa
t, when the valuation on S is dis
rete, there is a maximal value for jy

i

j < 1

among all 
oordinates of all points of G

0

(S), and therefore there is some N su
h that

p

N

x 2 B for all x 2 G

0

(S). On the other hand, we see that logG(S) = logG

0

(S),

so we 
on
lude that logG(S) � p

�N

B

0

, and B

0

is a �nitely generated S-submodule

of t

G

(L) (be
ause S is Noetherian). Thus, when the valuation on S is dis
rete,

logG(S) is 
ontained in a �nitely generated S-submodule of t

G

(L).

When L is algebrai
ally 
losed, the fa
t that logG(S) = t

G

(L) 
learly follows

from the fa
t that G(S) is p-divisible, whi
h we will establish in Lemma 6.3.13

below.

Finally, sin
e it is 
lear by the lo
al isomorphism of Proposition 6.3.4 that


oker log is p-power torsion, tensoring the exa
t sequen
e

0! ker log! G(S)

log

�! t

G

(L)! 
oker log! 0

with Q

p

over Z

p

and using the fa
t that t

G

(L) is already a Q

p

-module yields the

exa
t sequen
e

0! G(S) 


Z

p

Q

p

! t

G

(L)! 0:

It remains to verify that G

�et

(S) is p-power torsion and that G(S) is divisible

when L is algebrai
ally 
losed.

Lemma 6.3.12. The topologi
al group G(S) admits a unique topologi
al Z

p

-module

stru
ture and G(S)

tors

= lim

�!

G

n

(S) fun
torially in G and S. If G is formally �etale,

then G(S) is p-power torsion. The analyti
 group G

0

(S) is an open subgroup of G.

Proof. Be
ause the dis
rete topologi
al R-algebra S=m

i

S has a maximal ideal 
on-

sisting of nilpotents, it is a dire
t limit of dis
rete �nite Artinian R-algebras T

j

. By

de�nition, we have

G(T

j

) = lim

�!

G

n

(T

j

)(6.3.2)

for all j. Using (6.3.2), it is easy to see that

G(S=m

i

S) = lim

�!

G

n

(S=m

i

S):(6.3.3)

We have thus shown that G(S=m

i

S) 
onsists of p-power torsion elements, with

G

n

(S=m

i

S) = G(S=m

i

S)[p

n

℄:

By 
ontinuity, it is 
lear that

G(S) = lim

 �

G(S=m

i

S);(6.3.4)

as topologi
al groups (with ea
h G(S=m

i

S) dis
rete), so the topologi
al group G(S)

has a unique 
ompatible topologi
al Z

p

-module stru
ture and

G(S)[p

n

℄ = lim

 �

G(S=m

i

S)[p

n

℄ = lim

 �

G

n

(S=m

i

S) = G

n

(S):
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Thus, we �nd that G(S)

tors

= G(S)[p

1

℄ = lim

�!

G

n

(S).

Suppose G is formally �etale. From our proof of Proposition 3.1.5, we see that

the aÆne algebra of G

n

is a produ
t of integer rings in unrami�ed extensions of K,

and it is 
lear that the map �

i

: G

n

(S=m

i+1

S) ! G

n

(S=m

i

S) is a bije
tion for all

i. Therefore, G(S=m

i

S) = G(S=mS) for all i, and passing to the inverse limit on i

shows that G(S) = G(S=mS) is a dis
rete p-power torsion group.

It remains to show that G

0

(S) is open. By fun
toriality there is a 
ommutative

diagram of 
ontinuous maps of topologi
al groups

0

//

G

0

(S)

//

�

0

��

G(S)

�

��

//

G

�et

(S)

//

�

�et

��

0

0

//

G

0

(S=mS)

//

G(S=mS)

//

G

�et

(S=mS)

//

0:

We have just seen that �

�et

is an isomorphism, so ker� � G

0

(S). By the de�nition

of the topology on G(S), we see that G

0

(S) is an open subgroup of G(S).

Lemma 6.3.13. When L is algebrai
ally 
losed, G(S) is p-divisible.

Proof. We will prove a more pre
ise statement: given S � L for any 
ompletion L

of an algebrai
 extension of K, and given x 2 G(S), there is a �nite extension L

0

=L

and y 2 G(S

0

) su
h that py = x (and 
learly L

0

is the 
ompletion of an algebrai


extension of K).

By (6.3.1), it suÆ
es to 
he
k this separately for the 
onne
ted and �etale 
ases.

In the �etale 
ase, the proof of Lemma 6.3.12 shows that G

�et

(S) = lim

�!

G

n

(S) =

lim

�!

G

n

(S=mS). Writing S=mS as a dire
t limit of �nite lo
al R=m = k-algebras and

using the fa
t that G

n

is �nite over R, we see that G

n

(S=mS) = G

n

(k

S

), where k

S

denotes the residue �eld of S (whi
h is an algebrai
 extension of k). But for a separa-

ble 
losure k

s

of k

S

, we know from the �etale di
tionary that lim

�!

G

n

(k

s

) = (Q

p

=Z

p

)

h

for some h. Sin
e G

n

(k

s

) = lim

�!

k

0

G

n

(k

0

) with k

0

� k

s

ranging through �nite separa-

ble extensions of k

S

, we are done if we 
an show that every �nite separable extension

of k

S

arises as the residue �eld of the valuation ring in some �nite extension L

0

=L

(whi
h admits a unique extension of the valuation on L). We see this as follows:

given k

0

=k

S

, we may lift a minimal polynomial for a primitive element for k

0

over

k

S

to an irredu
ible moni
 polynomial f 2 S[x℄. Letting L

0

be the �eld of fra
tions

of S[x℄=(f(x)), we see that [L

0

: L℄ = [k

0

: k

S

℄ and that the valuation ring S

0

of L

0

must 
ontain S[x℄=(f(x)). We 
on
lude from the standard inequalities of valuation

theory (for valuation rings whi
h are not ne
essarily dis
rete, e.g., S) [7, Exer
ise

10.8℄ that the residue �eld of S

0

must be k

0

. This settles the �etale 
ase.

In the 
onne
ted 
ase, we re
all that [p℄ : G

0

! G

0

is an isogeny of degree p

h

0

for

some h

0

. Thus, [p℄

�

: O(G

0

)! O(G

0

) is a �nite free R-algebra extension of rank p

h

0

.

Therefore, by integrality, embedding S in L we see that any 
ontinuous R-algebra

map O(G

0

) ! S extends along [p℄

�

to an R-algebra map O(G

0

) ! L

0

for a �nite

extension L

0

=L. This extension is automati
ally 
ontinuous: 
hoosing 
oordinates

X

1

; : : : ;X

n

for O(G

0

), it is easy to see (using the properties of non-ar
himedean

valuations) that the X

i

must land in the maximal ideal of the valuation ring S

0

of

L

0

.
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With this extension to the 
ase of an arbitrary p-divisible group, we have de-

veloped all of the analyti
 tools whi
h we will need to establish the Hodge-Tate

de
omposition of Hom

Z

p

(T (G);C

K

) for an arbitrary p-divisible group G over our

mixed 
hara
teristi
 (0; p) 
omplete dis
rete valuation ring R. (We note in passing

that it is not surprising that we should need analysis, as the Hodge de
omposition

of the 
ohomology of an abelian variety in the 
lassi
al (
omplex) 
ase is itself an

analyti
, rather than an algebrai
, fa
t.)

As a 
onsequen
e of the analysis in the proof of Lemma 6.3.12, we dedu
e the

following.

Lemma 6.3.14. The 
onstru
tion G G(S) is naturally a fun
tor from p-Barsotti-

Tate groups over R to topologi
al Z

p

-modules, natural in G and S. Given a map f :

G! H of p-Barsotti-Tate groups over R, the indu
ed map f

0

(S) : G

0

(S)! H

0

(S)

is a map of analyti
 groups over L, fun
torial in L.

7 The main results

7.1 The Hodge-Tate de
omposition

We assume for the rest of Part II that the residue �eld k of our mixed 
hara
teristi


(0; p) 
omplete dis
rete valuation ring R is perfe
t.

7.1.1 Statements from Part III

In Part III, we will investigate the 
ontinuous 
ohomology of G = Gal(K=K) with


oeÆ
ients in C

K

. Brie
y, we will de�ne a 
o
hain 
omplex 
onsisting of 
ontinuous


o
hains and we will de�ne H

0

and H

1

in the usual manner (using the familiar

Ho
hs
hild 
oboundary maps). The results whi
h we prove are essential for proof

of the Hodge-Tate de
omposition. In parti
ular, we will prove:

Fixed Points Theorem (Theorem 10.3.1).

H

0

(G ;C

K

) = K and dim

K

H

1

(G ;C

K

) = 1:

Twisting Theorem (Theorem 10.3.2). If "

p

is the p-adi
 
y
lotomi
 
hara
ter

on G , then for all n 6= 0,

H

0

(G ;C

K

(n)) = 0 = H

1

(G ;C

K

(n)):

(Re
all that C

K

(n) = C

K

("

n

p

) is the twist of C

K

by "

n

p

.)

Hodge-Tate Lemma. If W is a �nite-dimensional C

K

-ve
tor spa
e admitting a


ontinuous semi-linear G -a
tion, then the natural C

K

-linear map W

G




K

C

K

! W

of G -modules is inje
tive. In parti
ular, dim

K

W

G

<1.

7.1.2 Proof of the Hodge-Tate de
omposition

Let D be the ring of integers of C

K

with U

D

= fx 2 D : jx�1j < 1g � D

�

. Suppose

G is a p-divisible group over R of height h and dimension N . Let T = T (G) and
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T

_

= T (G

_

), and let W = Hom

Z

p

(T;C

K

), W

_

= Hom

Z

p

(T

_

;C

K

) (as C

K

-semi-

linear G -representations). Note that while T

_

= Hom

Z

p

(T;Z

p

(1)), it is not the 
ase

with our notation that W

_

= Hom

Z

p

(W;Z

p

(1)).

Before we study the Hodge-Tate de
omposition, we will use the logarithm to

show that the dual generi
 �ber Tate module T

_

a
tually en
odes global information

about G over R. In parti
ular, we will prove

Theorem 7.1.1. There are natural isomorphisms

G(R)

�

R

��! Hom

Z

p

(T

_

; U

D

)

G

of groups and

t

G

(K)

d�

R

��! (W

_

)

G

of K-ve
tor spa
es.

The Hodge-Tate de
omposition will arise as a 
orollary of the methods we employ

to prove Theorem 7.1.1. The essential input is Cartier duality, whi
h relates points

of G

_

n

to morphisms G

n

! G

m

. Let us make this more pre
ise:

We see by the de�nition of Cartier duality that for ea
h n there is an isomorphism

of G -modules

G

_

n

(D)

�

! Hom

D-gps

(G

n=D

;G

m=D

) = Hom

D-gps

(G

n=D

;�

p

nh

=D

)(7.1.1)

by fun
toriality in D (where the G -a
tion on the right is by base 
hange). This

isomorphism is 
ompatible with 
hange in n, so we get a natural isomorphism

lim

 �

G

_

n

(D)

�

! Hom

p-B.T.=D

(G

D

;G

m=D

(p))(7.1.2)


ompatible with the G -a
tions. On the other hand, it is easy to see by integrality

that G

_

n

(D) = G

_

n

(K), so we see that the left side of (7.1.2) is a
tually T (G

_

).

Using Lemma 6.3.14 with S = D gives a map of G -modules

T (G

_

)! Hom(G(D);

b

G

m

(D));(7.1.3)

where the right side 
onsists of maps G(D) !

b

G

m

(D) of topologi
al Z

p

-modules

whose restri
tion to G

0

(D) indu
es a map of analyti
 groups G

0

(D) !

b

G

0

m

(D).

(The G -a
tion preserves the analyti
ity of the maps G

0

(D)!

b

G

0

m

(D) be
ause the

formal group laws are de�ned over R).

By fun
toriality and analyti
ity, the logarithm gives a map of G -modules

Hom(G(D);

b

G

m

(D))

log

�! Hom

C

K

(t

G

(C

K

); t

b

G

m

(C

K

)):

Writing this more symmetri
ally and using Example 6.3.9, Proposition 6.3.11, and

59



Lemma 6.3.12 gives a fun
torial diagram of pairings

0

��

0

��

0

��

T (G

_

)� �(G)

id

T (G

_

)

��

//

�(

b

G

m

)

�

//

��

(U

D

)

tors

��

T (G

_

)�G(D)

//

id

T (G

_

)

log

��

b

G

m

(D)

log

��

�

//

U

D

log

p

��

T (G

_

)� t

G

(C

K

)

//

��

t

b

G

(C

K

)

�

//

��

C

K

��

0 0 0:

(7.1.4)

Diagram (7.1.4) gives rise to a smaller 
ommutative diagram of Z

p

-linear maps

0

//

�(G)

//

�

0

��

G(D)

log

//

�

��

t

G

(C

K

)

//

d�

��

0

0

//

Hom

Z

p

(T

_

; (U

D

)

tors

)

//

Hom

Z

p

(T

_

; U

D

)

//

Hom

Z

p

(T

_

;C

K

)

//

0:

(7.1.5)

We see that �

0

, �, and d� are G -homomorphisms (with respe
t to the usual a
tion

on Hom

Z

p

( � ; � )) by 
hasing the fun
toralities in diagram (7.1.4). Similarly, we see

that d� is C

K

-linear. By analyzing (7.1.5), we will prove the following Proposition.

Proposition 7.1.2 (Pairing Proposition). In diagram (7.1.5), �

0

is a bije
tion

and � and d� are inje
tive.

We defer the proof of Proposition 7.1.2 to Se
tion 7.1.3. Let us prove Theorem

7.1.1 using the Pairing Proposition. Note that by the Fixed Points Theorem, G(R) =

G(D)

G

and t

G

(K) = t

G

(C

K

)

G

.

Proof of Theorem 7.1.1. We will prove the Theorem by using the \di�erential" d� to

redu
e the question to one of (semi)-linear algebra, where a dimension 
omputation

will suÆ
e to prove the result.

By G -equivarian
e and Proposition 7.1.2, we see that � and d� indu
e inje
tive

maps

�

R

: G(R)! Hom

Z

p

(T

_

; U

D

)

G

of groups and

d�

R

: t

G

(K)! (W

_

)

G

of K-ve
tor spa
es. By left-exa
tness of the �xed-points fun
tor H

0

(G ; � ), we see

that 
oker�

R

! (
oker�)

G

and 
oker d�

R

! (
oker d�)

G

are inje
tive. But Propo-

sition 7.1.2 and the Snake Lemma show that 
oker� ! 
oker d� is a bije
tion, so


oker�

R

! 
oker d�

R

is inje
tive.
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Therefore, to prove the Theorem it suÆ
es to prove that d�

R

is surje
tive. But

d�

R

: t

G

(K) ! Hom

Z

p

(T

_

;C

K

)

G

is a K-linear map with dim

K

t

G

(K) = dimG,

so it suÆ
es (by the Hodge-Tate Lemma) to prove that dim

K

Hom(T

_

;C

K

)

G

=

N = dimG. Re
all that W and W

_

are h-dimensional C

K

-ve
tor spa
es with

semi-linear G -a
tion. If d = dim

K

W

G

and d

_

= dim

K

(W

_

)

G

, then we know by

inje
tivity of d�

R

(in general, i.e., for both G and G

_

) that N � d

_

and N

_

� d,

where N

_

= dimG

_

. Therefore, by Proposition 6.2.8 we see that h � d + d

_

, and

to show that 
oker d�

R

= 0, we need only show that d+ d

_

� h.

Sin
e T

�

=

Hom

Z

p

(T

_

;Z

p

(1)) it is an exer
ise in algebra to show that there is a

G -equivariant isomorphism

W

_

�

=

T 


Z

p

Hom

Z

p

(Z

p

(1);C

K

)

�

=

T 


Z

p

C

K

(�1):

Thus, we get a G -equivariant C

K

-bilinear pairing

B :W �W

_

! C

K

(�1)

de�ned by (f; t
�) 7! f(t)�. It is easy to see that B is a perfe
t pairing of C

K

-

ve
tor spa
es. But W

G

and (W

_

)

G


learly pair into C

K

(�1)

G

, whi
h vanishes

by the Fixed Points Theorem. Furthermore, the map W

G




K

C

K

! W given by

s
alar multipli
ation is inje
tive by the Hodge-Tate Lemma. Hen
e, a d-dimensional

subspa
e of W annihilates a d

_

-dimensional subspa
e of W

_

. Be
ause B is perfe
t,

we see that d+ d

_

� dim

C

K

W = h, 
ompleting the proof.

Theorem 7.1.3 (Hodge-Tate de
omposition). There is a 
anoni
al C

K

-linear

G -equivariant de
omposition

Hom

Z

p

(T;C

K

)

�

=

t

G

_

(C

K

)� t

�

G

(C

K

)(�1):

Proof. Sin
e it is 
lear that t

G

(K)


K

C

K

�

! t

G

(C

K

) (and similarly for t

G

_

), we see

from the proof of Theorem 7.1.1 and the Hodge-Tate Lemma that d� (resp. d�

_

)

inje
ts t

G

(C

K

) (resp. t

G

_

(C

K

)) onto subspa
es of W

_

and W whi
h are orthogonal


omplements for the perfe
t pairing B. This says pre
isely that the pairing B

indu
es an exa
t sequen
e

0! t

G

_

(C

K

)

d�

_

��! W ! Hom

C

K

(t

G

(C

K

);C

K

(�1)) = t

�

G

(C

K

)(�1)! 0:(7.1.6)

To 
omplete the proof, it remains to show that the sequen
e (7.1.6) splits uniquely

(
ompatibly with the G -a
tions). Twisting (7.1.6) by "

p

, we see that it suÆ
es to

show that for any m and n, a sequen
e of semi-linear C

K

-spa
es with 
ontinuous

semi-linear G -a
tions

0! C

K

(1)

m

! V ! C

n

K

! 0(7.1.7)

splits uniquely. Sin
e Hom

C

K

(C

K

;C

K

(1))

�

=

C

K

(1), the Twisting Theorem shows

that su
h a splitting is unique if it exists. On the other hand, it is easy to see

that we may form the fun
tor Ext

1

( � ; � ) 
lassifying extensions on the 
ategory of

�nite-dimensional C

K

-ve
tor spa
es with 
ontinuous semi-linear G -a
tion and that

Ext

1

(

L

V

i

;

L

W

j

) =

L

Ext

1

(V

i

;W

j

), so we see by the Twisting Theorem that

Ext

1

(C

n

K

;C

K

(1)

m

) =

M

H

1

(G ;C

K

(1)) = 0;

and the extension splits.
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7.1.3 Proof of the pairing proposition

Following Tate [11, Proposition 11℄, we prove the Pairing Proposition in steps.

Step 1. The map �

0

is bije
tive. Be
ause 
harK = 0, we see that there is a natural

isomorphism of G -modules

G

_

n

(C

K

)

�

=

Hom(G

n

(C

K

);G

m

(C

K

))

= Hom(G

n

(C

K

);�

p

1

(C

K

))

= Hom(G

n

(C

K

); (U

D

)

tors

):

Therefore, Cartier duality provides a perfe
t pairing of abelian groups

G

n

(C

K

)�G

_

n

(C

K

)! �

p

nh

(D) ,! (U

D

)

tors

;(7.1.8)

so there is an isomorphism of G -modules

G

n

(C

K

)

�

! Hom(G

_

n

(C

K

); (U

D

)

tors

):(7.1.9)

Note that T

_

is a �nitely generated Z

p

-module, while (U

D

)

tors

is torsion, so any map

T

_

! (U

D

)

tors

must fa
tor through some T

_

=p

n

T

_

, i.e., through some G

_

n

(C

K

).

Thus, passing to the limit in (7.1.9), we see that there is a natural isomorphism of

G -modules

�(G)

�

�! lim

�!

Hom(G

_

n

(C

K

); (U

D

)

tors

)

�

! Hom(T

_

; (U

D

)

tors

);

and this is exa
tly the map �

0

.

Step 2. The Z

p

-modules ker� and 
oker� are Q

p

-ve
tor spa
es. Applying the

Snake Lemma to diagram (7.1.5), we see that ker�! ker d� and 
oker�! 
oker d�

are isomorphisms of Z

p

[G ℄-modules. Thus, we need only show that d� is Q

p

-linear,

and this follows from fun
toriality (it is even C

K

-linear).

Step 3. We have G(R) = G(D)

G

and t

G

(K) = t

G

(C

K

)

G

. This is 
lear from the

Fixed Points Theorem, for C

G

K

= K and D

G

= R, and the G -a
tion on G(D) (resp.

t

G

(C

K

)) is indu
ed by the a
tion on D (resp. C

K

).

Step 4. The map � is inje
tive on G(R). By step 3 and the left-exa
tness of the

�xed-points fun
tor, we see that ker�j

G(R)

= (ker�)

G

. By step 2, we see that ker�

is a Q

p

-ve
tor spa
e, so ker�\G(R) = (ker�)

G

is a Q

p

-ve
tor spa
e and therefore is

p-divisible. If G is 
onne
ted then be
ause the valuation on R is dis
rete, we see (as

in the proof of Proposition 6.3.11) that \p

n

G(R) = 0, and therefore ker�\G(R) = 0.

If G is arbitrary, then given x 2 ker� \ G(R), we see from Lemma 6.3.12 that

p

n

x 2 ker� \G

0

(R) for some n. Note that the 
losed immersion G

0

,! G yields an

inje
tion G

0

(D) ,! G(D) and a surje
tion T (G

_

)� T ((G

0

)

_

) (be
ause lim

 �

is exa
t

on the 
ategory of �nite abelian groups). By the fun
toriality in G of the formation

of � and the proof of the 
onne
ted 
ase, we therefore see that p

n

x = 0, so x = 0

be
ause ker� has no p-torsion.

Step 5. The map d�j

t

G

(K)

is inje
tive. By steps 1 and 4, along with the Snake

Lemma, we see that d�j

logG(R)

is inje
tive. ButQ

p

logG(R) = t

G

(K) by Proposition

6.3.11, so step 5 follows be
ause t

G

(K) is torsion-free.
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Step 6. The map d� is inje
tive. We 
an fa
torize d� as

t

G

(C

K

)

�

=

t

G

(K)


K

C

K

! Hom

Z

p

(T

_

;C

K

)

G




K

C

K

! Hom

Z

p

(T

_

;C

K

):

By step 5, the middle map is an inje
tion, and by the Hodge-Tate Lemma, the last

map is an inje
tion.

Using the Snake Lemma now shows that � is inje
tive, 
ompleting the proof.

7.2 The Isogeny Theorem

Let R be a normal Noetherian domain with fra
tion �eldK of 
hara
teristi
 di�erent

from p.

Theorem 7.2.1 (Isogeny Theorem). If G and H are p-Barsotti-Tate groups over

R, then any generi
 morphism f

K

: G

K

! H

K

uniquely extends to a morphism

f : G! H. In other words, the fun
tor G G

K

is fully faithful.

Fix a separable 
losure K of K and let G = Gal(K=K).

Corollary 7.2.2. The natural transformation Hom(G;H) ! Hom

G

(T (G); T (H))

of bifun
tors is an isomorphism.

If R = K, then the Isogeny Theorem is trivial. Furthermore, if 
harK 6= 0,

then p 2 R

�

so p-Barsotti-Tate groups are formally �etale and the Isogeny Theorem

follows from a normalization argument (working lo
ally, 
ompleting, and using the

stru
ture of �nite �etale algebras over a 
omplete dis
rete valuation ring). Therefore,

we assume in what remains that 
harK = 0 and R 6= K.

Theorem 7.2.1 is very similar to the theorem, originally 
onje
tured by Tate

and proven by Faltings, that for abelian varieties A and B over a �nitely generated

extension K of Q, the map Hom

K

(A;B)


Z

Z

p

! Hom

G

(T

p

(A); T

p

(B)) is an iso-

morphism. In fa
t, Tate proved Theorem 7.2.1 as part of his attempt to addu
e

eviden
e for his 
onje
ture (and Tate's work plays an essential role in Faltings's

proof).

The strategy for proving Theorem 7.2.1 is to dedu
e it from the apparently

weaker statement:

Proposition 7.2.3. If g : G! H is a morphism of p-Barsotti-Tate groups over R

su
h that the generi
 �ber map g

K

: G

K

! H

K

is an isomorphism, then g is an

isomorphism.

(Beware that Propostion 7.2.3 is false if we repla
e \isomorphism" by \
losed

immersion" or \topologi
ally faithfully 
at.") We will get all of Theorem 7.2.1 from

Proposition 7.2.3 by using a standard graph 
onstru
tion to extend 
ertain generi


�ber p-Barsotti-Tate groups to p-Barsotti-Tate groups over the entire base R via

\
losure." In fa
t, we will show the following result in Se
tion 7.2.1.

Proposition 7.2.4. Let R be a 
omplete dis
rete valuation ring. If F is a p-

divisible group over R and M � T (F ) is a Z

p

-dire
t summand whi
h is a G -

submodule, then there is a p-divisible group � over R and a morphism � : � ! F

su
h that � indu
es an isomomorphism T (�)

�

!M .
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(Beware that the � in Proposition 7.2.4 does not fa
tor through a 
losed im-

mersion into F .) Let us show how the Isogeny Theorem redu
es to Proposition

7.2.3.

Lemma 7.2.5. Proposition 7:2:3 implies Theorem 7:2:1.

Proof. Let F = G �H. Clearly, T (F ) = T (G) � T (H), so letting M be the graph

of the indu
ed map T (f

K

) : T (G)! T (H), we see that T (F ) =M � (f0g � T (H)).

By Proposition 7.2.4, there is a p-Barsotti-Tate group � over R and a morphism

� : � ! G �H su
h that T (�) : T (�)

�

! M � T (F ). But sin
e M is the graph of

T (f

K

) : T (G)! T (H), we see that p

1

Æ� indu
es an isomorphism T (�)! T (G), and

therefore (p

1

Æ �)

K

is an isomorphism of generi
 �bers by Proposition 5.2.3. Thus,

Proposition 7.2.3 shows that p

1

Æ� : �! G is an isomorphism. By 
onstru
tion, we

see that

 = p

2

Æ � Æ (p

1

Æ �)

�1

: G! H

is a morphism extending the given morphism f

K

of generi
 �bers. Be
ause ea
h

torsion level is 
at over R, it is 
lear that su
h an extension is unique (A! A


R

K

is inje
tive for any 
at R-algebra A).

It remains to prove Proposition 7.2.4 and Proposition 7.2.3.

7.2.1 Extending generi
 �bers: the proof of Proposition 7.2.4

The main idea of the proof is to take the s
heme-theoreti
 
losure in F of the generi


�ber p-Barsotti-Tate group 
orresponding to M , but the resulting dire
ted system

of �nite R-groups may fail to be a p-Barsotti-Tate group. Therefore, we will need

to alter it slightly without disturbing the generi
 �ber to produ
e a p-Barsotti-Tate

group � and a map � ! F whi
h realizes the inje
tion M ! T (F ) on the level of

generi
 �ber Tate modules. This is a bit deli
ate be
ause � usually does not 
ome

from a (system of) 
losed subgroup(s) of F .

Be
ause M is a Z

p

-dire
t summand of T (F ), we see that M=p

n

M inje
ts into

T (F )=p

n

T (F ), whi
h means pre
isely that M 
orresponds to a 
losed p-divisible

subgroup E

0

of the generi
 �ber F

K

. If F = (F

n

) and E

0

= (E

0

n

), write B

n

for the

aÆne R-algebra of F

n

and A

0

n

for the aÆne K-algebra of E

0

n

. There is a surje
tive

map u

n

: B

n




R

K ! A

0

n


orresponding to the generi
 
losed immersion E

0

n

,!

F

n

� Spe
K. If we let A

n

= u

n

(B

n

), an R-subalgebra of A

0

n

, we see that A

n

must

be a free R-module be
ause B

n

is free and R is a prin
ipal ideal domain. In fa
t,

Spe
A

n

,! Spe
B

n

is pre
isely the s
heme-theoreti
 
losure of the open subs
heme

E

0

n

,! (F

n

)

K

in F

n

((F

n

)

K

is open in F

n

be
ause R is a dis
rete valuation ring).

Letting E

n

= Spe
A

n

, we see by R-
atness that in fa
t E

n

is a 
losed subgroup of

F

n

(so E

0

is the trivial group), and it is not hard to see that the 
losed immersions

F

n

! F

n+1

indu
e 
losed immersions E

n

! E

n+1

.

Be
ause (E

n

) is generi
ally p-Barsotti-Tate , we see that [p℄ annihilates the R-
at

quotient E

n

=E

n+1

be
ause it annihilates the generi
 �ber. Therefore, we see that

for all n, [p℄ indu
es morphisms  

n;i

: E

i+n+1

=E

i+1

! E

i+n

=E

i

whi
h are generi


isomorphisms. Therefore, if D

i

is the aÆne algebra of E

i+1

=E

i

, then for ea
h i

 

1;i

: D

i

! D

i+1

indu
es an isomorphism D

i


K

�

! D

i+1


K. If A denotes the
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ommon aÆne algebra of the D

i


K, we see by 
atness that D

i

! A is inje
tive,

so we 
an identify D

i

with its image in A, where there is a 
ompatible system of

inje
tions D

i

,! D

i+1

. Therefore, we see that (D

i

) is an in
reasing sequen
e of

�nitely generated R-submodules of the �nite K-algebra A. But A is �etale, so the

normalization of R in A is a �nite R-module. Thus, (D

i

) must stabilize, i.e., there

is i

0

su
h that D

i+1

= D

i

for i � i

0

(under the identi�
ations of D

i


K with A). If

we let �

n

= E

i

0

+n

=E

i

0

, we then see that [p

i

0

℄ indu
es a system of group morphisms

�

n

! E

n

=E

0

= E

n

whi
h are generi
 isomorphisms. Furthermore, we see that there

are 
losed immersions i

n

: �

n

,! �

n+1

whi
h 
orrespond on the generi
 �ber to the


losed immersions E

0

n

,! E

0

n+1

. If we 
an show that (�

n

) is p-Barsotti-Tate , the

morphism � : �! E ! F will 
omplete the proof.

By an easy argument with the generi
 �ber, all we have to 
he
k is that i

n

identi�es �

n

with �

n+1

[p

n

℄. Consider the diagram

�

n+1

E

i

0

+n+1

=E

i

0

[p

n

℄

//

�

��

E

i

0

+n+1

=E

i

0

�

n+1

E

i

0

+n+1

=E

i

0

+n

�

//

E

i

0

+1

=E

i

0

;




OO

(7.2.1)

where � is the 
anoni
al proje
tion, � the map indu
ed by [p

n

℄, and 
 the 
anoni
al


losed immersion. Che
king on the generi
 �ber, we see that (7.2.1) 
ommutes. On

the other hand, by our 
hoi
e of i

0

, we see that � is an isomorphism, and therefore

ker[p

n

℄ = ker�, whi
h is nothing more than �

n

.

Remark 7.2.6. Tate [11℄ gives an example due to Serre showing that it is not the


ase that � : �! F is ne
essarily a 
losed immersion. �

7.2.2 The proof of Proposition 7.2.3

Be
ause R is a normal Noetherian domain, R = \

P

R

P

� K as P ranges over the

height one prime ideals of R and ea
h R

P

is a dis
rete valuation ring. In parti
ular,

for �nite lo
ally free R-modules M and N in a �xed �nite-dimensional K-ve
tor

spa
e, we see that M � N if and only if M

P

� N

P

for all primes P of height one.

Sin
e our goal is to show that f

�

K

: O(H

n

)

K

! O(G

n

)

K

takes O(H

n

) into O(G

n

)

for all n � 1, it therefore suÆ
es to prove Proposition 7.2.3 for a dis
rete valuation

ring (R;m; k).

It is 
lear that there is a faithfully 
at extension R

0

of R whi
h is a dis
rete

valuation ring with algebrai
ally 
losed residue �eld, and 
ompleting R

0

produ
es

a 
omplete dis
rete valuation ring R

00

� R whi
h is also faithfully 
at over R.

Hen
e, we may assume that R is 
omplete with algebrai
ally 
losed residue �eld. If

p 6= 
har k, then G and H must be formally �etale over R. Consider the �nite stages

g

n

: G

n

! H

n

. Be
ause G

n

and H

n

are �etale, looking at our proof of Proposition

3.1.5 shows that O(G

n

) and O(H

n

) are exa
tly produ
ts of integer rings in �nite

unrami�ed extensions of K. Thus, by an easy integrality argument, we dedu
e the

Isogeny Theorem in the formally �etale 
ase. We are redu
ed to the diÆ
ult 
ase: R

is a 
omplete dis
rete valuation ring with perfe
t residue �eld k of 
hara
teristi
 p.

Let us again view this from the p-Barsotti-Tate viewpoint. In this 
ase, we are

given a family u

n

: A

n

! B

n

of maps between �nite free generi
ally �etale R-algebras
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su
h that u

n




R

K is an isomorphism. This 
ertainly implies that u

n

is inje
tive.

Be
ause R is a dis
rete valuation ring (and in parti
ular, a prin
ipal ideal domain),

it is easy to see that u

n

is an isomorphism if and only if dis


A

n

=R

= dis


B

n

=R

(these

dis
riminant ideals being non-zero be
ause G

n

and H

n

are generi
ally �etale). By

Proposition 6.2.12, dis
G

n

depends only upon n, dimG, and htG, and similarly for

dis
H

n

. But by Theorem 7.1.3 and the Twisting Theorem, T (G) and T (H) en
ode

the dimensions of G and H respe
tively, and sin
e f is a generi
 isomorphism,

dimG = dimH. Similarly, it is trivial that generi
ally isomorphi
 p-divisible groups

have equal heights. Therefore, we see that u

n

is an isomorphism for all n.

Remarks 7.2.7. 1) As we will see in Part III, without Serre's geometri
 lo
al 
lass

�eld theory (whi
h is needed instead of the usual lo
al 
lass �eld theory to prove

the Twisting Theorem if the perfe
t residue �eld of R is not �nite), the proof we

have given for Theorem 7.1.3 (and hen
e Theorem 7.2.1) only works for Noetherian

domains R with �nite residue �eld at the height one primes whose residue 
hara
-

teristi
 is p. This in
ludes integer rings of number �elds and p-adi
 �elds (�nite

extensions of Q

p

).

2) In the 
ase where 
harK = p, we 
an redu
e just as in the beginning of the

proof of Proposition 7.2.3 to the 
ase where R

�

=

k[[t℄℄ for an algebrai
ally 
losed

�eld k of 
hara
teristi
 p (by the stru
ture theorem for equi
hara
teristi
 
omplete

dis
rete valuation rings). Unfortunately, the analyti
 tools Tate used in his proof

(e.g., the logarithm) are only available in 
hara
teristi
 zero. The equi
hara
teristi



ase remained unsolved until 1996, when de Jong proved it using te
hniques of


rystalline 
ohomology. �

66



Part III

Galois Modules

8 Introdu
tion

Let A be a mixed 
hara
teristi
 
omplete dis
rete valuation ring of absolute rami�-


ation index e with perfe
t residue �eld k of 
hara
teristi
 p > 0 and fra
tion �eld

K (a lo
al �eld). Write G for the absolute Galois group of K. These notations (in

addition to the notations introdu
ed at the beginning of this thesis) will remain in

e�e
t throughout this Part.

The study of �etale groups in Part I showed that the generi
 �ber of a (formal or

�nite) group s
heme over A may be studied as a Galois module, or, 
onversely, that

a Galois module may be viewed as a geometri
 obje
t, namely, an �etale group over

K. Part II showed that for a p-divisible group G over A, the generi
 �ber Galois

representation de
omposes after extending s
alars to C

K

in a fashion reminis
ent of

the Hodge de
omposition of the de Rham 
ohomology of a 
omplex abelian variety.

In other words, the geometry of an abelian s
heme over A (e.g., an ellipti
 
urve

with good redu
tion) 
onstrains the generi
 �ber Tate module representation of G .

This Part will fo
us on the 
ohomologi
al issues whi
h arose in Se
tion 7.1.1 (and

provide the proofs for the fa
ts whi
h are ne
essary to Part II).

Call M a topologi
al G -module if M is a G -module with a topology su
h that

G �M !M is 
ontinuous. Given a topologi
al G -moduleM , de�ne the 
ontinuous


ohomology to be the 
ohomology of the 
omplex C

�

(G ;M) given by 
ontinuous


o
hains f : G

r

!M . (This is usually not a derived fun
tor.) On the rare o

asions

when the topology on M is dis
rete, the 
omplex will be notated C

�

dis


and the


ohomology groups will be written H

r

dis


. Where ne
essary, the r-
o
y
les and r-


oboundaries are denoted Z

r

(G ;M) and B

r

(G ;M), respe
tively.

When M has the additional stru
ture of R-module for some ring R and the

G -a
tion is R-linear, the 
ontinuous 
ohomology naturally lives in the 
ategory of

R-modules. Espe
ially important for us will be semi-linear representations of G on

F -modules for topologi
al rings F (usually sub�elds ofC

K

) admitting semi-linear G -

a
tions. Letting FfG g denote the \semi-linear group ring" (su
h that for � 2 F and

g 2 G , g� = g(�)g), a left FfG g-module V is pre
isely an F -module with a semi-

linear left G -a
tion. When V is a topologi
al F -module with an FfG g-stru
ture

su
h that G a
ts 
ontinuously, we say that V is a topologi
al FfG g-module (we do

not put a topology on the ring FfG g).

We may produ
e in
ation and restri
tion maps by 
omposing 
o
hains with

quotient maps G ! G =H by 
losed groups or restri
ting 
o
hains to 
losed sub-

groups H � G . The dire
t 
omputational proof of the exa
tness of the low-degree

in
ation-restri
tion sequen
e 
arries over to 
ontinuous 
ohomology: if H � G is a


losed subgroup and M is a topologi
al G -module, then there is an exa
t sequen
e

0! H

1

(G =H ;M

H

)! H

1

(G ;M)! H

1

(H ;M):

As usual, H

0

(G ;M) =M

G

and ifM is a topologi
alRfG g-module then H

1

(G ;M)

67




lassi�es topologi
al short exa
t sequen
es

0!M ! N ! 1! 0

up to isomorphism, i.e., 
ontinuous extension 
lasses of 1 by M , where 1 is the

trivial semi-linear representation of G on R.

The fundamental result of this Part is that

H

1

(G ;C

K

(1)) = 0;(8.0.2)

whi
h shows that topologi
al C

K

fG g-module extensions of the form

E : 0! C

m

K

! V ! C

K

(�1)

n

! 0

are split.

We will also show that twisting by "

p

and taking �xed points allows us to re
over

the splitting of an extension su
h as E. The fundamental result in this dire
tion is

H

0

(G ;C

K

(n)) =

(

0 if n 6= 0;

K if n = 0:

(8.0.3)

Thus, for example, given a topologi
al sequen
e E, we 
an re
over m (resp. n)

by 
omputing dim

K

V

G

(resp. dim

K

V (1)

G

). (By 
ombining these two pie
es of

information, we 
an re
over the splitting.) This shows that if G is a p-Barsotti-Tate

group over A, then dimG = dim

K

Hom

Z

p

(T (G);C

K

)(1)

G

, so T (G) \knows" the

dimension of G.

The goal of this Part is two-fold: �rst, to prove (8.0.2) and (8.0.3), whi
h will be

done in slightly greater generality than is stated here (and whi
h will be 
ompleted

in Se
tion 10.3); se
ond, to give some indi
ation of the general properties shared by

Galois modules whi
h admit \Hodge-Tate de
ompositions" (e.g., the generi
 �ber

Tate module of a p-Barsotti-Tate group). To motivate the dis
ussion, we will 
arry

out these tasks in the reverse order.

9 Modules of Hodge-Tate type

Given a �eld F with a non-ar
himedean valuation, A

F

will denote the ring of in-

tegers. For the �xed base �eld K the ring of integers may also be denoted simply

by A, depending upon the 
ontext. These 
onventions will hold throughout the

remainder of Part III.

9.1 The a
tion

It is a standard result that the valuation on K extends uniquely to (a non-dis
rete

valuation on) K and that G = Gal(K=K) a
ts on K by isometries with respe
t to

this metri
. It is also well known [4, Chapter III, x4℄ that K is not 
omplete, but

that its 
ompletion C

K

is algebrai
ally 
losed. By uniform 
ontinuity, the G -a
tion

extends to an isometri
 a
tion on C

K

.
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Lemma 9.1.1. Let X be the 
ompletion of any algebrai
 extension L of K. If

X has the valuation topology and G the usual pro�nite topology, then the a
tion

G �X ! X is 
ontinuous.

Proof. It suÆ
es to show that given a point x 2 X, the set of s 2 G whi
h stabilize

an arbitrarily small open ball around x is open. Be
ause L is dense in X, given n

there is an � 2 L and a � 2 A

X

su
h that x may be written as � + p

n

�. By the

de�nition of the Krull topology, � is �xed by some open subgroup H � G , so H

stabilizes the ball x+ p

n

A

X

.

This 
omplements the familiar result from in�nite Galois Theory that the a
tion

G �K ! K is 
ontinuous when K has the dis
rete topology.

9.2 The Hodge-Tate property

Given a ring R with a G -a
tion and an RfG g-module M , we may 
onsider the

a
tion of G twisted by a multipli
ative 
hara
ter � : G ! R

�

. It is easy to see that

M(�) = R(�)


R

M as an RfG g-module, and that there is a natural isomorphism

M(�

1

)(�

2

) =M(�

1

�

2

). When R is topologized su
h that the a
tion G �R! R is


ontinuous and � is 
ontinuous, twisting a topologi
al RfG g-module by � produ
es

another topologi
al RfG g-module.

Suppose V is a �nite-dimensional C

K

-ve
tor spa
e admitting a semi-linear 
on-

tinuous G -a
tion. Sin
e the underlying spa
es of V and V (�

�1

) are the same,

V

�

def

= V (�

�1

)

G

is 
anoni
ally a sub-K-ve
tor spa
e of V . Expli
itly, V

�

is the set

of v 2 V su
h that s(v) = �(s)v for all s 2 G . There is a natural C

K

fG g-linear

map

C

K




K

V

�

! V

given by s
alar multipli
ation, whereC

K




K

V

�

is given the obviousC

K

fG g-module

stru
ture.

Fixing a 
hoi
e of 
hara
ter �, let V

i

(resp. V [i℄) denote V

�

i

(resp. C

K




K

V

i

).

There is 
ertainly a C

K

fG g-module map �

�

V

:

L

i2Z

V [i℄ ! V . For a 
ertain 
lass

of 
hara
ters, we 
an show that �

�

V

is inje
tive. This is quite a strong statement,

as in general we 
annot even be sure that any V

i

has �nite K-dimension.

De�nition 9.2.1. Let � : G ! A

�

be a 
ontinuous multipli
ative 
hara
ter. If the

�xed �eld of � is a totally rami�ed Z

p

-extension of a �nite subextension K

0

=K of

K, then � will be 
alled rami�ed .

The p-adi
 
y
lotomi
 
hara
ter "

p

is the most important example of a rami�ed


hara
ter (see Lemma 10.1.3). If � is rami�ed then �

n

is also rami�ed, for im�

n

is in�nite and any sub-Z

p

-extension of a rami�ed Z

p

-extension is itself rami�ed.

Furthermore, if � is rami�ed andH is an open subgroup of G , then �j

H

is rami�ed.

(See Se
tion 10.1 for a brief dis
ussion of Z

p

-extensions.)

Using the 
ontinuous 
ohomology introdu
ed in Se
tion 8, we will prove two

essential results in Se
tion 10.3. Be
ause we will use these results in this se
tion,

we give the statements here.
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Fixed Points Theorem (Theorem 10.3.1).

H

0

(G ;C

K

) = K and dim

K

H

1

(G ;C

K

) = 1:

Twisting Theorem (Theorem 10.3.2). If � is rami�ed, then

H

0

(G ;C

K

(�)) = 0 = H

1

(G ;C

K

(�)):

Using these Theorems, we prove a Lemma whi
h is fundamental to the rest of

this se
tion.

Lemma 9.2.2. The map �

�

V

:

L

V [i℄! V is inje
tive if � is rami�ed.

Proof. For ea
h i, let f�

ij

g be a (possibly in�nite) K-basis for V

i

, viewed as a

K-subspa
e of V . If �

�

V

is not inje
tive, then there is some linear dependen
e

L =

P




ij

�

ij

= 0 where at least one 


ij

6= 0 and a minimal number of 
oeÆ
ients

are non-zero. Without loss of generality, we may assume that 


i

0

j

0

= 1 for some

pair of indi
es. Applying s 2 G to the relation L yields

X

i;j

s(


ij

)�

i

(s)�

ij

= 0:

Now, L� s(L)=�

i

0

(s) = 0 gives another linear dependen
e with stri
tly fewer non-

zero 
oeÆ
ients be
ause 


i

0

j

0

= 1. By minimality, s(L) = �

i

0

(s)L for all s 2 G .

Expanding this out and using linear independen
e of the �

ij

, it must be 
ase that

s(


ij

)�

i

(s) = �

i

0

(s)


ij

for all i and j. In other words, 


ij

2 H

0

(G ;C

K

(�

i�i

0

)). By Theorem 10.3.2, 


ij

= 0

unless i = i

0

, in whi
h 
ase 


i

0

j

2 K by Theorem 10.3.1(1). But the �

i

0

j

are K-

linearly independent by 
onstru
tion, so all of the 
oeÆ
ients must vanish, resulting

in a 
ontradi
tion. Therefore, no su
h dependen
e is possible, and the Lemma is

proven.

Remarks 9.2.3. 1) In pra
ti
e, the 
hosen 
hara
ter will be the p-adi
 
y
lotomi



hara
ter "

p

(
f. Se
tion 10.1). In general, if � : G ! Z

�

p

is any 
ontinuous multi-

pli
ative 
hara
ter of G with in�nite image, G = ker� must 
ontain an open subgroup

topologi
ally isomorphi
 to Z

p

. (This follows be
ause im� is an in�nite 
losed sub-

group of Z

�

p

, there is a 
ontinuous split surje
tion Z

�

p

! Z

p

with �nite kernel, and

any 
losed subgroup of Z

p

is an ideal.) Thus, the �xed �eld of ker� is always a

Z

p

-extension of a �nite subextension K

0

=K; the hypothesis of Lemma 9.2.2 sim-

ply adds the 
ondition that this Z

p

-extension be rami�ed. This property separates

rami�ed 
hara
ters � from arbitrary 
ontinuous 
hara
ters with in�nite image.

2) Be
ause �

�

V

is inje
tive, the in�nite dire
t sum in the de�nition of �

�

V

a
tually

has only �nitely many non-zero terms and

P

i

dim

K

V

i

� dim

C

K

V . This is the

essential point of 
hoosing a 
hara
ter of in�nite order. If � were a 
ontinuous


hara
ter to the dis
rete topology of K

�

(so that im� would be �nite, among other

things), Hilbert's Theorem 90 (i.e., H

1

dis


(G ;K

�

) = 0) shows that C

K

(�

n

)

�

=

C

K

as C

K

fG g-modules for all n, so twisting by di�erent powers of � does not pi
k out

distin
t K-subspa
es of C

K

. �
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If T is the Tate module of a p-divisible group over A and � = "

p

, let T

0

=

Hom

Z

p

(T;C

K

) as a C

K

fG g-module. Theorem 7.1.3 of Part II shows that T

0

=

T

0

[0℄ � T

0

[1℄ as a C

K

fG g-module. In other words, not only does the inje
tion of

Lemma 9.2.2 hold, but the map �

"

p

T

0

is a
tually surje
tive, and this 
orresponds

pre
isely to the \Hodge-like" de
omposition of T

0

. This motivates the following

de�nition.

De�nition 9.2.4. Given a rami�ed 
hara
ter �, a C

K

fG g-module V is of �-Hodge-

Tate type (or simply is �-Hodge-Tate or Hodge-Tate for �) if �

�

V

is a bije
tion. More

generally, given a �nite dimensionalK-ve
tor spa
e V with a linear G -a
tion, V will

be 
alled pre-�-Hodge-Tate if the semi-linear representationC

K




K

V is of �-Hodge-

Tate type. The � will be dropped if it is 
lear from the 
ontext. (The standard 
ase

is � = "

p

.)

9.2.1 An alternative point of view

Instead of looking at the Hodge-Tate property \one twist at a time," 
onsider the

following reformulation of the Hodge-Tate 
ondition. Let � be a rami�ed 
hara
ter,

and de�ne B

HT

(�) =

L

n2Z

C

K

(�

n

). Given a topologi
al K[G ℄-module V with

�nite K-dimension, Lemma 9.2.2 shows that there is an inje
tion

B

HT

(�)


K

(B

HT

(�)


K

V )

G

,! B

HT

(�)


K

V

whi
h is fun
torial in V . Let D

�

HT

denote the fun
tor sending V to (B

HT

(�)


K

V )

G

;

in the 
ase where V is a topologi
al C

K

fG g-module, we will write D

�

HT

(V ) =

(B

HT

(�)


C

K

V )

G

. In either 
ase D

�

HT

(V ) is a �nite-dimensional K-ve
tor spa
e;

writing V

C

K

= C

K




K

V when V is a K-ve
tor spa
e and V

C

K

= V when V is

a C

K

-ve
tor spa
e, Lemma 9.2.2 shows that dim

K

D

�

HT

(V ) � dim

C

K

V

C

K

. We see

that V is �-Hodge-Tate or �-pre-Hodge-Tate (depending upon the s
alar �eld) if and

only if dim

K

D

�

HT

(V ) = dim

C

K

V

C

K

. More fun
torially, If V

�

HT

denotes the fun
-

tor V  B

HT

(�)


K

D

�

HT

(V ) and B

�

denotes the fun
tor V  B

HT

(�)


C

K

V

C

K

,

Lemma 9.2.2 shows that there is an inje
tion of fun
tors � : V

�

HT

,! B

�

. The 
on-

dition that V be �-Hodge-Tate is then equivalent to the 
ondition that �(V ) be an

isomorphism.

9.2.2 Basi
 properties of Hodge-Tate modules

In this se
tion, we 
onsider the relationship between the Hodge-Tate 
ondition and


ertain natural 
onstru
tions of topologi
al C

K

fG g-modules from other topologi
al

C

K

fG g-modules. We impli
itly assume in what follows that all C

K

fG g-modules

have �nite C

K

-dimension.

Given two C

K

fG g-modules V and W , several other C

K

fG g-modules may nat-

urally be 
onstru
ted out of them:

(i) V

_

= Hom

C

K

(V;C

K

) with a
tion (s:�)(v) = s(�(s

�1

(v)));

(ii) V 


C

K

W with a
tion s:(v
w) = s(v)
 s(w) (extended by semi-linearity);

(iii) Hom

C

K

(V;W ) with a
tion (s:�)(v) = s(�(s

�1

(v))).
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It is easy to 
he
k that the a
tion on V

_




C

K

W is identi�ed with the a
tion on

Hom

C

K

(V;W ) under the natural isomorphism V

_




C

K

W

�

! Hom

C

K

(V;W ).

Lemma 9.2.5. Suppose V and W are topologi
al C

K

fG g-modules. There are nat-

ural inje
tions

(1) D

�

HT

(V )
D

�

HT

(W ) ,! D

�

HT

(V 
W )

(2) D

�

HT

(V )

_

,! D

�

HT

(V

_

)

(3) Hom

K

(D

�

HT

(V );D

�

HT

(W )) ,! D

�

HT

(Hom

C

K

(V;W )):

Proof. Part (1) is 
lear. To prove (2), it suÆ
es show that if � 2 (V

i

)

_

(the K-

ve
tor spa
e dual), then � naturally de�nes an element of (V

_

)

�i

. But this is 
lear

by a simple 
omputation. Part (3) follows from parts (1) and (2).

Fix a rami�ed 
hara
ter �. In what follows, \Hodge-Tate" will mean \�-Hodge-

Tate."

Lemma 9.2.6. If V and W are of Hodge-Tate type, then

(1) V

_

is of Hodge-Tate type;

(2) V 


C

K

W is of Hodge-Tate type;

(3) Hom

C

K

(V;W ) is of Hodge-Tate type.

Proof. This is a trivial 
onsequen
e of Lemma 9.2.5, and it shows the usefulness of

having de�ned the fun
tor D

HT

.

Thus, all of the \natural 
onstru
tions" preserve the Hodge-Tate 
ondition. Here

is an interesting example of a non-Hodge-Tate C

K

fG g-module whi
h may be 
on-

stru
ted \non-algebrai
ally" from one whi
h is Hodge-Tate.

Example 9.2.7. Consider the p-adi
 
y
lotomi
 
hara
ter "

p

: G ! Z

�

p

. Using the

p-adi
 logarithm, write Z

�

p

= G�Z

p

for some �nite group G (whi
h depends upon

p). Be
ause G is �nite, there is some n

p

su
h that "

n

p

p

takes values in the open

subgroup of Z

�

p

isomorphi
 to Z

p

. Let i 2 Z

p

�Z, and de�ne � = ("

n

p

p

)

i

. Form the

C

K

fG g-module C

K

(�). For every integer n, �"

n

p

remains rami�ed, and therefore,

by Theorem 10.3.2,

C

K

(�)(n)

G

= C

K

(�"

n

p

)

G

= 0:

So, starting with a Hodge-Tate module C

K

(1), performing a very \non-algebrai
"

twisting 
onstru
tion yields a non-Hodge-Tate module. Part II gives eviden
e that

this unnatural 
onstru
tion does not arise algebro-geometri
ally. �

Proposition 9.2.8. If V is of Hodge-Tate type then

Hom

C

K

fG g

(V;W )

�

=

Y

i2Z

Hom

C

K

fG g

(V [i℄;W [i℄)

�

=

Y

i2Z

Hom

K

(V

i

;W

i

):

In parti
ular, dim

K

Hom

C

K

fG g

(V;W ) <1.
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Proof. Be
ause V =

L

V (i) as C

K

fG g-modules and only �nitely many summands

are non-zero, there is a natural isomorphism

Hom

C

K

fG g

(V;W )!

Y

i2Z

Hom

C

K

fG g

(V [i℄;W )

given by the produ
t of the restri
tion maps f 7! f j

V [i℄

. But it is 
lear from C

K

fG g-

linearity that the natural inje
tion

Hom

C

K

fG g

(V [i℄;W [i℄) ,! Hom

C

K

fG g

(V [i℄;W )

is an isomorphism.

To 
omplete the proof, it suÆ
es to show that the natural map

Hom

K

(V

i

;W

i

)! Hom

C

K

fG g

(V [i℄;W [i℄)

is an isomorphism, and this redu
es to showing that the natural map

Hom

K

(K(�

i

);K(�

i

))! Hom

C

K

fG g

(C

K

(�

i

);C

K

(�

i

))

is an isomorphism. But Hom

K

(K(�

i

);K(�

i

)) is just K and it is easy to see that

Hom

C

K

fG g

(C

K

(�

i

);C

K

(�

i

)) = C

G

K

= K

by Theorem 10.3.1.

Pre-Hodge-Tate modules are not as easily 
lassi�ed as those of Hodge-Tate type

be
ause some information is lost upon extending s
alars to C

K

, as the following

example demonstrates 
on
retely.

9.2.3 An example

In this example we work with 
ontinuous 
ohomology. The group U � A

�

of

prin
ipal units is de�ned to be the kernel of the redu
tion map A

�

! k

�

.

Lemma 9.2.9. Let G be a pro�nite group, and M a normed Q

p

-ve
tor spa
e with

a 
ontinuous Q

p

-linear G -a
tion su
h that G preserves the open unit ball N � M .

For all r � 0, the natural map of Q

p

-ve
tor spa
es

Q

p




Z

p

H

r

(G ; N)! H

r

(G ;M)

is an isomorphism. In parti
ular, H

1

(G ;K(�)) = Q

p




Z

p

H

1

(G ; A(�)).

Proof. When r = 0, this follows from the fa
t that the G -a
tion is Q

p

-linear. Now

suppose r � 1. By the 
ompa
tness of G , given any 
o
hain f : G

r

! M there is

some n � 0 su
h that the image of f lies in

1

p

n

N . If f is a 
oboundary, then there

is some 
ontinuous g su
h that f = Æg. But then, again by 
ompa
tness of G , there

is some m � n su
h that g takes values in

1

p

m

N . Thus, any element of H

r

(G ;

1

p

n

N)

whi
h maps to a 
oboundary in M maps to one in

1

p

m

N for some m. The net e�e
t

of this is that

H

1

(G ;M) = lim

�!

H

1

(G ;

1

p

n

N):
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To prove the Lemma, it therefore suÆ
es to show that the natural map

� :

1

p

n

Z

p




Z

p

H

1

(G ; N)! H

r

(G ;

1

p

n

N)

is an isomorphism. Note that every element of

1

p

n

Z

p




Z

p

H

1

(G ; N) may be written

in the form

1

p

n




Z

p

[f ℄ for some 
o
y
le f (where the bra
kets denote the equivalen
e


lass). The map � simply sends

1

p

n




Z

p

[f ℄ to [

1

p

n

f ℄. If there is some

1

p

n

N -valued


ontinuous (r + 1)-
o
hain g su
h that

1

p

n

f = Æg, then f = Æ(p

n

g), and therefore

[f ℄ = 0, so � is inje
tive. On the other hand, given an r-
o
y
le f : G

r

!

1

p

n

N ,

[f ℄ = �(

1

p

n




Z

p

[p

n

f ℄), and therefore � is surje
tive.

Lemma 9.2.10. Let N be a topologi
al Z

p

[G ℄-module whi
h is linearly topologized

and 
omplete as a Z

p

-module. Suppose there is a 
ountable 
o�nal set N

1

� N

2

�

� � � of open submodules, ea
h of whi
h is stabilized by G . For any r � 1, if

H

r�1

dis


(G ; N=N

i

) = 0 for all i then natural map of Z

p

-modules

� : H

r

(G ; N)! lim

 �

H

r

dis


(G ; N=N

i

)

is an isomorphism.

Proof. If (f

i

) is a representative of an element of the inverse limit, then there is

a 
oboundary g su
h that f

2

(s) � f

1

(s) + g(s) (mod N

1

) for all s. Repla
ing f

2

by f

2

� g and 
ontinuing indu
tively in this manner produ
es a system of 
o
hains

representing the same element in the inverse system of 
ohomology groups su
h that

for all i > j and all s 2 G , f

i

(s) � f

j

(s) (mod N

j

). By the 
ompleteness of N ,

there is a 
o
hain f : G ! N su
h that f � f

i

(mod N

i

) for all i. Be
ause N is

separated, f satis�es the 
o
y
le 
ondition and therefore �([f ℄) = (f

i

).

Furthermore, we 
laim that if a 
o
hain f is a 
oboundary modulo N

i

for all i

then it is a 
oboundary. Indeed, suppose f � Æg

i

(mod N

i

) for some 
oboundaries

Æg

i

. By assumption, we see that g

2

� g

1

+ Æf

1

(mod N

1

) for some 
o
hain f

1

.

Repla
ing g

2

by g

2

� Æf

1

yields a 
o
hain g

0

2

su
h that g

0

2

� g

1

(mod N

1

) and

Æg

0

2

= Æg

2

� f (mod N

2

). Continuing in this manner (and renaming) produ
es a

system of 
o
hains g

i

su
h that g

i+1

� g

i

(mod N

i

) and f � Æg

i

(mod N

i

) for all i.

By 
ompleteness there is some 
o
hain g : G

r

! N su
h that f � Æg (mod N

i

) for

all i, whi
h means that f = Æg by separatedness. Thus, � is inje
tive.

Remark 9.2.11. We will only apply Lemma 9.2.10 in the 
ase where r = 1, and in

our appli
ation the vanishing of the dis
rete zeroth 
ohomology is 
lear. �

Lemma 9.2.12. There is a natural short exa
t sequen
e of K-ve
tor spa
es

0! K 


Z

p

U ! H

1

(G ;K(1))! K ! 0:

In parti
ular, H

1

(G ;K(1)) 6= 0.

Proof. By Lemma 9.2.9,

H

1

(G ;K(1)) = Q

p




Z

p

H

1

(G ; A(1)):
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Furthermore, sin
e A is �nite and free over Z

p

, it is easy to see that the natural

map

A 


Z

p

H

1

(G ;Z

p

(1))! H

1

(G ; A(1))

is an isomorphism (re
all that G is the Galois group of K, not of Q

p

). Finally,

Lemma 9.2.10 shows that

H

1

(G ;Z

p

(1))

�

=

lim

 �

H

1

(G ;Z

p

(1)=p

n

Z

p

(1)) = lim

 �

H

1

(G ;�

p

n

):

By Kummer Theory, there is an isomorphism

K

�

=(K

�

)

p

n

! H

1

(G ;�

p

n

)

whi
h is 
ompatible with the quotient maps in the systemK

�

=(K

�

)

p

n

and the maps

�

p

n

! �

p

n�1

indu
ed by the pth power map. On the other hand, there is an inverse

system of short exa
t sequen
es

1! U=U

p

n

! K

�

=(K

�

)

p

n

! Z=p

n

Z! 0

with surje
tive transition maps. Passing the inverse limit and using the Mittag-

Le
er 
ondition gives an exa
t sequen
e

1! U ! H

1

(G ;Z

p

(1))! Z

p

! 0

of Z

p

-modules. Now, Q

p




Z

p

A = K, so the Lemma follows by 
atness after tensor-

ing through with K.

It is now possible to give an indi
ation of how mu
h information gets lost by

extending s
alars on a pre-Hodge-Tate K[G ℄-module. Choose a 
ontinuous 1-
o
y
le


 : G ! K(1) whi
h represents a non-trivial 
ohomology 
lass (
f. Lemma 9.2.12).

Let V be a two-dimensional K-spa
e with a �xed basis e

1

; e

2

, and let G a
t by the

matri
es

�

"

p




0 1

�

:

Sin
e 
 is a 
ontinuous 
o
y
le, this gives a 
ontinuous left a
tion of K[G ℄ on V .

The topologi
al exa
t sequen
e of K[G ℄-modules

S : 0! "

p

! V ! 1! 0

is non-split, for otherwise 
 would be a 
ontinuous 
oboundary. Upon extending

s
alars to C

K

, Theorem 10.3.2 below shows that the sequen
e S splits, and therefore

V is pre-Hodge-Tate.

Thus, even though V (over K) may not may not have an espe
ially obvious

stru
ture, its isomorphism 
lass after extending s
alars toC

K

is uniquely determined

by the sequen
e of numbers whi
h may be read o� after twisting C

K




K

V by

various powers of "

p

. However, su
h a massive s
alar extension has disadvantages

(
f. Proposition 10.3.4 and Remark 10.3.7), and it would be ni
e to �nd a re�nement

of the Hodge-Tate 
ondition.

Proving the results used in Se
tion 9.2 will o

upy the remainder of this Part.
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10 The G -a
tion on C

K

10.1 Analysis of Z

p

-extensions

10.1.1 Existen
e of Z

p

-extensions

De�nition 10.1.1. A Z

p

-extension of a �eld E is a Galois extension L=E with

Galois group topologi
ally isomorphi
 to Z

p

.

As usual, given a Z

p

-extension E

1

=E, the �ltration Z

p

� pZ

p

� p

2

Z

p

� � � � � 0


orresponds to a tower E = E

0

� E

1

� � � � � E

1

of �xed �elds. By in�nite Galois

theory this tower is in fa
t the 
omplete latti
e of �nite sub-extensions of K

1

, all

of whi
h are Galois be
ause every subgroup of an abelian group is normal. The

fa
t that this latti
e is a 
hain implies that every Z

p

-extension is either unrami�ed

or 
orresponds to a �nite unrami�ed extension followed by a totally rami�ed Z

p

-

extension, sin
e p

n

Z

p

�

=

Z

p

.

Lemma 10.1.2. Let F ,! L be an isometri
 embedding of lo
al �elds of residue


hara
teristi
 p > 0. If F

1

is a rami�ed Z

p

-extension of F , then the quotient �elds

of F

1




F

L by its maximal ideals are rami�ed Z

p

-extensions of L.

Proof. Fixing algebrai
 
losures F of F and L if L, it suÆ
es to prove that for

(ne
essarily isometri
) embeddings F

1

,! F ,! L, the 
ompositum F

1

L has Galois

group Z

p

. Be
ause L is a lo
al �eld, the rami�
ation index of L=F is �nite, and this

implies that L \ F

1

= F

n

for some n < 1 be
ause F

1

=F is rami�ed. But then L

and F

1

are linearly disjoint over F

n

, so there is a topologi
al isomorphism

Gal(F

1

L=L) = Gal(F

1

=F

n

)

�

=

Z

p

:

It is 
lear that F

1

L=L must be rami�ed.

By standard results [10, Chapter II, x5℄, there is a lo
al �eld F of absolute

rami�
ation index 1 su
h that K is a �nite totally rami�ed extension of F . To

establish the existen
e of a rami�ed Z

p

-extension of K, it suÆ
es by Lemma 10.1.2

to �nd a rami�ed Z

p

-extension for lo
al �elds of absolute rami�
ation index 1.

Lemma 10.1.3. If F is a lo
al �eld of absolute rami�
ation index 1, then F admits

a rami�ed Z

p

-extension. In fa
t, the p-adi
 
y
lotomi
 
hara
ter "

p

is rami�ed.

Proof. Let F (�

p

1

) denote the totally rami�ed extension of F given by adjoining all

p-power roots of unity. It is easy to prove using the Eisenstein irredu
ibility 
riterion

that the 
y
lotomi
 polynomials �

p

n

(x) are irredu
ible over F . An elementary order


al
ulation then shows that Gal(F (�

p

n

)=F )

�

=

(Z

p

=p

n

Z

p

)

�

, whi
h in turn implies

that there is a topologi
al isomorphism Gal(F (�

p

1

)=F )

�

=

Z

�

p

. Using the p-adi


logarithm shows that there is a 
anoni
al 
ontinuous split surje
tion Z

�

p

! Z

p

with

�nite kernel. Thus, F (�

p

1

)=F is �nite over a totally rami�ed Z

p

-extension (the


y
lotomi
 Z

p

-extension) of F .

On the other hand, the restri
tion map G ! Gal(F (�

p

1

)=F ) = Z

�

p

is just the

p-adi
 
y
lotomi
 
hara
ter, and the splitting of the surje
tion Z

�

p

! Z

p

shows that

the �xed �eld of ker "

p

is a totally rami�ed Z

p

-extension of a �nite subextension,

i.e., that "

p

is rami�ed. (That "

p

j

Gal(K=K)

is rami�ed follows be
ause Gal(K=K) is

an open subgroup of Gal(K=F ).)
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Remark 10.1.4. It is not too hard to verify that F (�

p

1

)

�

=

F 


Q

p

Q

p

(�

p

1

), and

that the Z

p

-extension F

1


onstru
ted in Lemma 10.1.3 is just tensor produ
t over

Q

p

of F with the subextension Q


y
l

p

� Q

p

(�

p

1

) given by the p-adi
 logarithm, as

in Lemma 10.1.3. The Z

p

-extensions of K 
oming from F

1

are just the fa
tor �elds

of the �nite Q


y
l

p

-algebra K 


Q

p

Q


y
l

p

. �

10.1.2 The absolute tra
e

Further study of Z

p

-extensions requires some tools 
onstru
ted by lo
al 
lass �eld

theory. Fix a Z

p

-extension K

1

=K. The goal of this se
tion is to 
onstru
t a


ontinuous fun
tion from K

1

to K, the absolute tra
e, whi
h will be useful in


omputing 
ohomology for g = Gal(K

1

=K) a
ting on the 
ompletion X of K

1

.

Denote the �xed �eld of p

n

Z

p

� g by K

n

and let A

n

� K

n

be the ring of integers,

with maximal ideal m

n

. Let D

n

= D

K

n

=K

denote the di�erent of A

K

n

over A; this

is an ideal of A

K

n

. Where ne
essary, � denotes a topologi
al generator of the Galois

group g = Z

p

. In what follows, the valuation v is taken to be normalized on the

base �eld K.

De�nition 10.1.5. Let L be a �eld of 
hara
teristi
 0 and let L

1

=L be an algebrai


extension. Given � 2 L

1

, de�ne the absolute tra
e asso
iated to L

1

=L to be

t(�) =

1

[L

0

: L℄

Tr

L

0

=L

(�);

where L

0

is any �nite subextension of L

1

=L 
ontaining �. By transitivity of the

tra
e, t(�) is independent of the 
hoi
e of L

0

and is an L-linear operator on L

1

.

Proposition 10.1.6. There a 
onstant 
 (independent of n) and a bounded sequen
e

(a

n

) su
h that v(D

n

) = (en+ 
+ p

�n

a

n

) � �, where � = 1 if K

1

=K is rami�ed and

� = 0 otherwise.

Proof. When K

1

=K is unrami�ed, the result is 
lear. Suppose that the extension

is rami�ed. Passing to a �nite subextension (and adjusting �nitely many of the


onstants a

n

), we may assume by the transitivity of the di�erent that K

1

=K is

totally rami�ed.

If L=K is �nite, re
all the formula [10, p. 64℄

v

K

(D

L=K

) = e

�1

L=K

1

X

i=0

(jG

i

j � 1);(10.1.1)

where (G

i

) is the sequen
e of rami�
ation groups 
ontained in the Galois group

G = Gal(L=K) and e

L=K

is the rami�
ation index of L=K. For our purposes,

the \upper numbering" of the rami�
ation groups [10, Chapter IV℄ is more useful

be
ause of its 
ompatibility with quotients. To rewrite this formula using the upper

numbering we use 
al
ulus. If  is the Herbrand fun
tion, so that G

�

= G

 (�)

,

we know that outside of a dis
rete set  is di�erentiable with derivative [G

0

: G

�

℄.

Equation (10.1.1) 
an be written as the integral

v

K

(D

L=K

) = e

Z

1

�1

(jG

�

j � 1) d�;
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and making the 
hange of variable � =  (�) yields

v

K

(D

L=K

) = e

�1

Z

1

�1

(jG

�

j � 1)

jG

0

j

jG

�

j

d�

= e

�1

Z

1

�1

�

1�

1

jG

�

j

�

jG

0

j d�:

In the 
ase where L = K

n

, the rami�
ation assumption on K

1

means that

jG

0

j = e, so

v

K

(D

n

) =

Z

1

�1

�

1�

1

jG

�

j

�

d�:(10.1.2)

The integrand is a step fun
tion, so to integrate it we need to determine where the

jumps o

ur. The fundamental result in this dire
tion is the Hasse-Arf Theorem,

whi
h states that the jumps o

ur at integer values. Sin
e K

1

=K is a Z

p

-extension,

g

n

= Gal(K

n

=K) = Z=p

n

Z. By the de�nition of the upper numbering (and the

obvious inverse limits), g

�

g

n

= g

�

n

. Let t

m

denote the integer where the upper

rami�
ation jumps from p

m�1

g to p

m

g. If t

m+1

� t

m

= e for suÆ
iently large m,

then for t

0

= �1 and n > m we have

v(D

n

) = (t

1

� t

0

)

�

1�

1

p

n

�

+ (t

2

� t

1

)

�

1�

1

p

n�1

�

+ � � �

+ e

�

1�

1

p

n�m

+ 1�

1

p

n�m�1

+ � � �+ 1�

1

1

�

= (t

m

� t

0

)�

�

(t

1

� t

0

)

1

p

n

+ � � � (t

m

� t

m�1

)

1

p

n�m+1

�

+(10.1.3)

en� em� e

�

1

p

n�m

+

1

p

n�m�1

+ � � �+ 1

�

= en+

�

t

m

� t

0

� em� e

p

p� 1

�

+

p

�n

�

e

p

m+2

p� 1

+ (t

1

� t

0

) +

1

p

(t

2

� t

1

) + � � � +

1

p

m+1

(t

m

� t

m�1

)

�

= en+ 
+ p

�n

a

n

:

When n � m, this 
al
ulation is nonsense, but for those �nitely many values we

may adjust the a

n

to make the formula valid.

Thus, to establish the Proposition, it suÆ
es to demonstrate that the distan
e

t

m

�t

m�1

between the jumps \stabilizes" to e as m in
reases. The proof given below

works in the 
ase where the residue �eld of K is �nite. Other 
ases may be dedu
ed

from the 
ase of an algebrai
ally 
losed residue �eld (Serre's \geometri
 lo
al 
lass

�eld theory") after 
hanging the base to the 
ompletion of the maximal unrami�ed

extension of K (re
all that K

1

=K is totally rami�ed). The methods for handling

this 
ase will not be tou
hed upon in this thesis.

By the assumption that the residue �eld k is �nite, it is easy to see that K is

a �nite extension of Q

p

with rami�
ation index e, the absolute rami�
ation index
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of K. If � is a uniformizer for A

K

and � is a lift of a generator for k over F

p

then

A

K

is a free Z

p

-module with basis f�

i

�

j

: 0 � i � f � 1; 0 � j � e � 1g, where

f = [k : F

p

℄.

The re
ipro
ity isomorphism of lo
al 
lass �eld theory 
an be used to relate the

natural �ltration U

m

K

= 1 + �

m

A

K

of the group of units A

�

K

with the �ltration of

g by the sequen
e of rami�
ation groups with the upper numbering. In parti
ular,

U

m

K

is taken onto g

m

[10, Chapter XV, x2, Theorem 2℄. On the other hand, for

m > e=(p � 1), the (isometri
) p-adi
 logarithm yields an isomorphism U

m

K

�

=

A

K

su
h that the �ltration U

m

K

� U

m+1

K

� � � � 
orresponds to the �ltration A

K

�

�A

K

� �

2

A

K

� � � � . Sin
e g

m

�

=

g, for large enough m the re
ipro
ity isomorphism

is identi�ed with a 
ontinuous surje
tion f : A

K

� Z

p

.

Let g

ij

denote the basis element �

i

�

j

for A

K

over Z

p

. The index j will be

taken from the set f0; 1; : : : ; e � 1g, viewed as representatives for Z=eZ. It is 
lear

that �g

ij

= p

"

g

i;j+1

, where " = b(j + 1)=e
. If j

0

is the minimal index su
h that

there is some i

0

with f(g

i

0

;j

0

) 62 pZ

p

, then repla
ing A

K

by �

j

0

A

K

and res
aling,

we may 
learly assume that there is some i

0

su
h that f(g

i

0

;0

) 62 pZ

p

. But then

f(�

j

A) = pZ

p

for all j = 1; : : : ; e be
ause �

j

g

i;�j

= pg

i;0

, and f(pg

i

0

;0

) 62 p

2

Z

p

for

j = e. Res
aling and pro
eeding indu
tively shows that the remaining jumps in the

rami�
ation �ltration are equally spa
ed e integers apart.

Corollary 10.1.7. The absolute tra
e is 
ontinuous.

Proof. By linearity, it suÆ
es to produ
e a 
onstant � su
h that jt(x)j � �jxj for all

x 2 K

1

. The estimate established in Proposition 10.1.6 shows that v(D

K

n+1

=K

n

) =

(e+p

�n

b

n

) ��, where � is 0 or 1 depending upon rami�
ation. Given fra
tional ideals

a � K

n+1

and b � K

n

, Tr

K

n+1

=K

n

(a) � b if and only if a � bD

�1

K

n+1

=K

n

. Hen
e, if

D

K

n+1

=K

n

= m

d

n+1

then Tr

K

n+1

=K

n

(m

i

n+1

) = m

j

n

, where j = d(i+d)=pe [10, Chapter

III, x3, Prop. 7℄. It is easy to see that given any 
onstant B, there is an a < 0 su
h

that

ep

n+1

(1� ap

�n

) + i �

i+ e+B

p

+ 1 �

�

i+ e+B

p

�

(10.1.4)

for all n. Sin
e b

n

is bounded, say by B, and (p) = m

ep

`

`

, (10.1.4) shows that

jTr

K

n+1

=K

n

(x)j � jpj

1�ap

�n

jxj(10.1.5)

for all x 2 K

n+1

. (Using �e for B shows (10.1.5) for the unrami�ed 
ase, i.e., � = 0.)

Letting 
 = ap=(p� 1) and using transitivity of the tra
e, we �nd that

jTr

K

n

=K

(x)j � jpj

n�


jxj

for all x 2 K

n

, so taking � = jpj

�


shows that jt(x)j � �jxj.

Corollary 10.1.8. There is a 
onstant d > 0 su
h that for all x 2 K

1

and all

n � 0,

jx� p

n

t(x)j � dj�

p

n

x� xj:(10.1.6)
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Proof. It will suÆ
e to prove the Corollary for � as long as d is independent of n.

This 
orresponds to repla
ing K by K

n

as the base �eld, making this result \base

�eld independent."

The �rst thing we will prove is an \approximation" of (10.1.6): there is a 
onstant


 independent of n su
h that for x 2 K

n+1

,

jx� p

�1

Tr

K

n+1

=K

n

(x)j � 
j�

p

n

x� xj:(10.1.7)

Writing � = �

p

n

, we have

px� Tr

K

n+1

=K

n

(x) = px�

p�1

X

i=0

�

i

x =

p�1

X

i=0

(1� �

i

)x:

But (1��) divides (1��

i

) for every i � 1 (and the i = 0 term vanishes), so the right

side is a sum of 
onjugates of (1��)x. Sin
e all 
onjugates of (1��)x have the same

valuation it follows by the ultrametri
 property that jpx�Tr

K

n+1

=K

n

(x)j � j(1��)xj,

so one 
an even take 
 = jpj

�1

in (10.1.7).

The proof of the Corollary follows by an indu
tion from the �rst-order approxi-

mation (10.1.7). More pre
isely, indu
tion will furnish a sequen
e 


n

su
h that for

x 2 K

n

,

jx� t(x)j � 


n

j�x� xj:(S(n))

The 
onstants 


n

will satisfy the re
ursion 


n+1

= jp

�ap

�n

j


n

for some a < 0 whi
h

does not depend on n. Taking d = jpj

�1�ap=(p�1)


ompletes the proof.

Letting 


1

= jpj

�1

and using (10.1.7) proves S(1). Suppose S(n) holds. Given

x 2 K

n+1

, observe that t(Tr

K

n+1

=K

n

(x)) = t(x). Thus, by (10.1.5) in the proof of

Corollary 10.1.7, there is some a < 0 su
h that

jTr

K

n+1

=K

n

(x)� pt(x)j � 


n

j�Tr

K

n+1

=K

n

(x)� Tr

K

n+1

=K

n

(x)j

= 


n

jTr

K

n+1

=K

n

(�x� x)j

� 


n

jpj

1�ap

�n

j�x� xj;(10.1.8)

Write x�t(x) = x�p

�1

Tr

K

n+1

=K

n

(x)+p

�1

Tr

K

n+1

=K

n

�t(x). Using the ultrametri


property and applying (10.1.7) and (10.1.8) yields

jx� t(x)j � max(jx� p

�1

Tr

K

n+1

=K

n

(x)j; jpj

�ap

�n




n

j�x� xj)

� max(


1

; jpj

�ap

�n




n

)j�x� xj

= jpj

�ap

�n




n

j�x� xj;

the �nal step following from the inequality

Q

n

i=2

jpj

�ap

�i

� 1, whi
h holds be
ause

a < 0. Thus, S(n+ 1) holds.

10.1.3 The 
ompletion of a Z

p

-extension and its 
ohomology

In the usual way, the isometri
 a
tion of g on K

1

extends to an a
tion on the


ompletion X of K

1

with respe
t to the valuation metri
. We will now use the


ontinuity of the absolute tra
e to study the 
ohomology of this a
tion.
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Theorem 10.1.9. Let � : g! K

�

be a 
hara
ter of g.

(1) H

0

(g;X) = K and dim

K

H

1

(g;X) = 1;

(2) If �(g) is in�nite, then H

0

(g;X(�)) = 0 = H

1

(g;X(�)).

The proof relies heavily on Corollary 10.1.7 to study the linear operators � � 1

and � � � on X, where � is a prin
ipal unit of A

K

whi
h is not a root of unity:

Lemma 10.1.10. Let X

0

� X be the kernel of the absolute tra
e t and let � be a

prin
ipal unit of A

X

whi
h is not a root of unity.

(1) X = X

0

�K as topologi
al K[g℄-modules;

(2) K = ker(� � 1) and � � 1 has a 
ontinuous inverse on X

0

;

(3) � � � has a 
ontinuous inverse on X.

Proof. (1) We simply note that t : X ! K is a 
ontinuous G -equivariant surje
-

tion.

(2) That � � 1 annihilates K is trivial. It remains to prove that � � 1 has a


ontinuous inverse on X

0

. Consider the subspa
es K

n;0

= K

n

\X

0


onsisting

of the tra
e zero elements of ea
h K

n

. Letting K

1;0

= [K

n;0

= K

1

\X

0

, it

is easy to see as in (1) that K

n

= K �K

n;0

for 0 � n � 1, and that all su
h

de
ompositions are 
ompatible with the natural inje
tions K

n

,! K

n+1

.

Be
ause 
harK = 0, � � 1 is inje
tive on ea
h K

n;0

, and therefore invertible

on ea
h K

n;0

be
ause dim

K

K

n;0

< 1. Thus, � � 1 is invertible on K

1;0

.

Furthermore, Corollary 10.1.8 shows that the inverse � of � � 1 is 
ontinuous

on K

1;0

, be
ause j�(x)j � djxj for some d independent of x. If we 
an show

that K

1;0

is dense in X

0

, then � will extend to a 
ontinuous inverse to � � 1

on all of X

0

.

Given �

1

2 X

0

, 
hoose a Cau
hy sequen
e (�

n

) in K

1

tending to �

1

. Write

�

m

= �

m

+ 


m

with �

m

2 K for all 0 � m � 1, 


m

2 K

1;0

for m < 1,

and 


1

2 X

0

. We 
laim that �

n

! �

1

and 


n

! 


1

. Indeed, t(�

1

) =

t(�

1

) = �

1

and t(�

n

) = t(�

n

) = �

n

. Sin
e �

n

! �

1

, 
ontinuity of t shows

that �

n

! �. Thus, 


n

! 
. Applying this to � 2 X

0

shows that �

n

! 0 and




n

! �, whi
h means that K

1;0

is dense in X

0

.

(3) For � 6= 1, � � � is trivially bije
tive on K. Thus, it remains to show that

� � � has a 
ontinuous inverse on X

0

.

As in (2), if � denotes the inverse to � � 1 on X

0

, then

(� � �)� = ((� � 1)� (�� 1))� = 1� (�� 1)�:

Choose d su
h that for all x, j�(x)j � djxj. If j�� 1jd < 1 then j(�� 1)�(y)j <

jyj, whi
h means that 1 � (� � 1)� a
ts as an isometry. Hen
e, 1 � (� � 1)�

has a 
ontinuous inverse, and therefore so does � � �.

When j� � 1j is too large (i.e., � 1=d), we use the fa
t that � is a prin
ipal

unit. Writing � = 1+�

`

� shows that j�

p

n

�1j may be made arbitrarily small.
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In fa
t, for some n, j�

p

n

� 1jd < 1. Furthermore, be
ause � is not a root of

unity, �

p

n

6= 1. In this 
ase, repla
ing the base �eld by K

n

and � by �

p

n

,

the base �eld independen
e of Corollary 10.1.8 allows us to reason as we did

when j�� 1jd < 1 to 
on
lude that �

p

n

� �

p

n

has a 
ontinuous inverse on X

0

.

Writing �

p

n

� �

p

n

= (� � �)f(�), where f is a polynomial with 
oeÆ
ients in

Z, we see that � � � has a 
ontinuous inverse on X

0

.

Proof of Theorem 10.1.9. Let � = �(�

�1

). If Y is a g-stable subspa
e of X, then

H

0

(g; Y (�)) = ker(� � �). Indeed, one in
lusion is obvious. In the other dire
tion,

if y 2 ker(� � �), then �(y) = �y, so �(�)�(y) = �:y = y and y is a �xed point for

� (with the twisted a
tion). Thus,

�

`

:y = �(�

`

)�

`

(y) = �(�

`

)�

`

y = y

for all `. By Lemma 9.1.1, the a
tion g � Y ! Y is 
ontinuous, so s:y = y for all

s 2 g be
ause h�i is dense in g.

Similarly, by 
ontinuity, any (
ontinuous!) 1-
o
y
le of g is determined by its

value at �, and therefore there is a K-linear inje
tion

� : Z

1

(g; Y (�))! Y (�):

If � = �(�)� �� 2 im(� � �), then applying � to the 1-
o
y
le f(s) = s:(��)� ��

yields �. On the other hand, if f(s) = s:��� is a 1-
o
y
le, then f(�) = �(��)�� =

�

�1

(�(�) � ��), so �(�f) = �(�)� ��. Therefore,

�j

B

1

(g;Y (�))

: B

1

(g; Y (�))

�

�! im(� � �);

and thus � indu
es an identi�
ation of H

1

(g; Y (�)) with aK-subspa
e of 
oker(���).

By Lemma 10.1.10(2), for � = 1 (the untwisted a
tion) and Y = X, ker(��1) =

K and 
oker(� � 1) = K. Thus, H

0

(g;X) = K and dim

K

H

1

(g;X) = 1 be
ause

dim

K


oker(� � 1) = 1 and the \identity" mapping � : g ! Z

p

� K yields a


ontinuous non-zero additive 
hara
ter of g. (That the 
ohomology 
lass of � is

non-vanishing follows from the fa
t that im(� � 1) \K = 0.) Thus, (1) is proven.

To prove (2), note that if �(g) is in�nite, then � = �(�

�1

) 
annot possibly be

a root of unity. Furthermore, � must a
tually be a prin
ipal unit. To see this,

note that the redu
tion map A

�

! k

�

is 
ontinuous from the valuation topology

to the dis
rete topology. Thus, the 
omposite g! k

�

must be 
ontinuous from the

pro�nite topology to the dis
rete topology. If the kernel is a proper open subgroup,

then the image is isomorphi
 to Z=p

n

Z for some n > 0. But 
har k = p, so any

�nite subgroup of k

�

has order prime to p. Thus, g ! k

�

must send all of g to

1 2 k

�

, and this says pre
isely that �(�) is a prin
ipal unit. Therefore, by Lemma

10.1.10(3), H

0

(g;X(�)) = 0 = H

1

(g;X(�)).

Remark 10.1.11. None of the results of Se
tion 10.1 require any rami�
ation hy-

potheses on K

1

=K. For an appli
ation of Theorem 10.1.9 whi
h requires that K

1

be unrami�ed , see Proposition 10.3.5. �
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10.2 Translating the base �eld by a Z

p

-extension

10.2.1 The use of rami�
ation

While the results of Se
tion 10.1.3 do not require rami�
ation in the Z

p

-extension

K

1

, the rest of our results use rami�
ation in an essential way. Thus, for the

remainder of Part III, K

1

will be a rami�ed Z

p

-extension of K. Su
h a K

1

exists

by Se
tion 10.1.1.

The goal of this se
tion is to study what remains of the extension C

K

=K over

K

1

, or more pre
isely to study C

K

=X. The methods will again be based upon

skillful approximation. Let H = Gal(K=K

1

). Instead of 
onsidering C

K

dire
tly,

we will use rami�
ation to demonstrate that the 
ontinuous 
ohomology of H with


oeÆ
ients in C

K

is adequately approximated by the dis
rete 
ohomology with


oeÆ
ients in K. In some sense, we are res
uing the usual use of in
ation from

�nite stages in the study of Galois 
ohomology.

Lemma 10.2.1. IfM is a dire
t limit of �eldsM

i

, then for any �nite extension F of

M , there is some index i and some �nite extension F

i

=M

i

su
h that F

i




M

i

M

�

=

F .

In parti
ular, F

i

and M are linearly disjoint over M

i

.

Proof. Write F = M [x

1

; : : : ; x

n

℄=I, where I is a �nitely generated ideal. Fixing a

�nite set of generators g

1

; : : : ; g

m

for I, the 
oeÆ
ients of the g

j

all lie in some M

i

be
ause M = lim

�!

M

i

. Thus, writing F

i

= M

i

[x

1

; : : : ; x

n

℄=(g

1

; : : : ; g

m

), we see that

M 


M

i

F

i

= F is a �eld. But extensions of �elds are faithfully 
at, so F

i

must also

be a �eld, linearly disjoint from M over M

i

. We easily note in passing that F

i

is

separable over M

i

if F is separable over M , and F

i

may be taken to be Galois over

M

i

if F is Galois over M .

Now let L be a �nite extension of K

1

. The ring of integers of K

1

will be denote

A

1

, with maximal ideal m

1

.

Lemma 10.2.2. Tr

L=K

1

(A

L

) � m

1

.

Proof. By the transitivity of the tra
e, if the Lemma is true after enlarging L to a

�nite Galois extension, it is 
ertainly true for arbitrary L. Thus, we may assume

that L=K

1

is Galois. By Lemma 10.2.1, there is some L

0

=K

n

�nite su
h that

L

0




K

n

K

1

= L. Repla
ingK byK

n

we may assume from the start that L = L

0

K

1

for some L

0

=K linearly disjoint from K

1

.

Let L

n

= L

0

K

n

. By the transitivity of the di�erent (i.e., D

L

n

=K

n

� D

K

n

=K

=

D

L

n

=K

) and (10.1.2) in the proof of Proposition 10.1.6,

v(D

L

n

=K

n

) =

Z

1

�1

�

jGal(K

n

=K)

v

j

�1

� jGal(L

n

=K)

v

j

�1

�

dv:(10.2.1)

Sin
e L

0

=K is �nite, there is some h su
h that Gal(L

0

=K)

v

= 1 for all v � h. By

linear disjointness, Gal(L

n

=K) = Gal(L

0

=K)�Gal(K

n

=K), and therefore

Gal(L

0

=K)

v

=

Gal(L

n

=K)

v

Gal(K

n

=K)

Gal(K

n

=K)

:
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We see that Gal(L

0

=K)

v

= (1) if and only if Gal(L

n

=K)

v

� Gal(K

n

=K). If this is

the 
ase, then the subgroups Gal(L

n

=K)

v

and Gal(L

0

=K) of Gal(L

n

=K) 
ommute

and interse
t only at f1g, whi
h means that

Gal(K

n

=K)

v

=

Gal(L

n

=K)

v

Gal(L

0

=K)

Gal(L

0

=K)

= Gal(L

n

=K)

v

:(10.2.2)

Applying (10.2.2) to (10.2.1) shows that

v(D

L

n

=K

n

) �

Z

h

�1

jGal(K

n

=K)

v

j dv:

By a 
al
ulation almost identi
al to (10.1.3) in the proof of Proposition 10.1.6, we

�nd that v(D

L

n

=K

n

) = p

�n

a

n

, where a

n

is bounded, say ja

n

j � a for all n. Given

� 2 m

1

, there is some n

0

su
h that � 2 K

n

for all n � n

0

. Furthermore, be
ause K

1

is totally rami�ed , writing (�) = m

i

n

n

shows that i

n

!1 as n!1. On the other

hand, as remarked in the proof of Corollary 10.1.7, if e

n

is the rami�
ation index of

L

n

=K

n

, then Tr

L

n

=K

n

(m

`

L

n

) = m

j

n

where j =

�

(`+ v

L

n

(D

L

n

=K

n

))=e

n

�

. In parti
ular,

j � a + 1 for ` = 0, so Tr

L

n

=K

n

(A

L

n

) � m

a+1

n

. Sin
e i

n

! 1, there is some m(�)

su
h that i

m(�)

> a + 1, and therefore for any n � m(�) there is a � 2 A

L

n

� A

L

su
h that Tr

L

n

=K

n

(�) = �. Sin
e Gal(L

n

=K

n

) = Gal(L

0

=K) = Gal(L=K

1

), this

means that Tr

L=K

1

(�) = �.

For purposes of 
larity, we prove the remaining results in some degree of generality.

To do this, we �rst introdu
e some terminology.

Suppose F is a �eld admitting a non-trivial non-ar
himedean valuation. Let N

be a pro�nite group whi
h a
ts on F , and let M be an ultrametri
 normed F -ve
tor

spa
e whi
h is a topologi
al FfN g-module. Let




M be the 
ompletion of M . If the

N -a
tion on M extends to a 
ontinuous a
tion on




M (note that su
h an extension

is unique if it exists), then we will refer to the 
olle
tion R = (F;N ;M;




M ) as a


ontinuous representation. If 
harF = 0, then we will say that R has 
hara
teristi


zero. The notation will be shortened to M in an unambiguous 
ontext.

Example 10.2.3. If L is an algebrai
 extension ofK andN a 
losed subgroup of G ,

then for any subextension F=K � L=K, (F;N ; L;

b

L) is a 
ontinuous representation

su
h that N a
ts by isometries. �

In order to simplify notation, given a 
ontinuous representation (F;N ;M;




M ),

the dis
rete 
ohomology will always refer to the dis
rete 
ohomology with 
oeÆ
ients

in M and the 
ontinuous 
ohomology will always mean the 
ontinuous 
ohomology

with 
oeÆ
ients in




M .

Given a 
ontinuous r-
o
hain of N with 
oeÆ
ients in




M , 
ompa
tness of N

shows that there is a maximal value for jf(s)j as s ranges over N . De�ne a metri


on the 
o
hains as usual: jf j = maxfjf(s)jg

s2N

. The usual uniform 
ontinuity

arguments show that C

r

(N ;




M) is 
omplete with respe
t to this metri
. Dis
rete


o
hains are 
ertainly 
ontinuous, so limits of sequen
es of dis
rete 
o
hains belong

to the 
ontinuous 
o
hains.
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Lemma 10.2.4. If (F;N ;M;




M ) is a 
ontinuous representation, then the dis
rete


o
hains are dense in the 
ontinuous 
o
hains. In parti
ular, if L is an algebrai


extension of K and N is a 
losed subgroup of G , then C

r

dis


(N ; L) is dense in

C

r

(N ;

b

L).

Proof. Let B

n

�




M be the open ball of radius 1=n around 0. By density,




M =

M + B

n

for all n, so if  

n

:




M !




M=B

n

is the 
anoni
al map (of groups), it is

easy to see that there is a set-theoreti
 map �

n

:




M=B

n

!M su
h that  

n

�

n

= id.

Sin
e B

n

is open,




M=B

n

is dis
rete, so the �

n

are all 
ontinuous to the dis
rete

topology on M . Given a 
ontinuous r-
o
hain f : H

r

!




M , setting f

n

= �

n

 

n

f

yields a sequen
e of dis
rete 
o
hains (with values in M) su
h that  

n

f

n

=  

n

f ,

i.e., jf � f

n

j < 1=n.

Notation 10.2.5. When dealing with �nite extensions L=K

1

, a (dis
rete) (�1)-


o
hain will be an element y of L, and the 
oboundary of su
h a 
o
hain will be

Æy = Tr

L=K

1

(y).

Proposition 10.2.6. Let H a
t in the usual way on K and let (K;H ;M;




M ) be

a 
ontinuous representation for whi
h H a
ts by isometries. Suppose further that

M is a dis
rete H -module, i.e., that M = [M

U

as U ranges over open subgroups

of H . Given a dis
rete r-
o
hain f 2 C

r

dis


(H ;M) and a 
onstant 
 > 1,

(1) if r = 0, there is an element x 2M

H

su
h that jf � xj � 
jÆf j (in parti
ular,

when M = K, x 2 K

1

);

(2) if r > 0, there is a dis
rete (r � 1)-
o
hain g su
h that jf � Ægj � 
jÆf j and

jgj � 
jf j.

Proof. Be
auseM is dis
rete, the stabilizer of any element ofM is an open subgroup

of H , and this implies that the natural map

lim

�!

H

1

dis


(Gal(L=K

1

);M

U

)! H

1

dis


(H ;M)

is an isomorphism, where the limit is taken with respe
t to the in
ation maps as L

ranges over �nite subextensions L = K

U

of K=K

1

. Sin
e the in
ation maps are all

inje
tive, the big 
ohomology group may simply be viewed as a union. Therefore, it

suÆ
es to prove the following:

Let L=K

1

be �nite with Galois group G, and let M be an ultrametri
 normed L-

ve
tor spa
e whi
h admits a semi-linear G-a
tion by isometries. For any r-
o
hain f

and any 
 > 1, there is an (r�1)-
o
hain g su
h that jf�Ægj � 
jÆf j and jgj � 
jf j.

(This in
ludes r = 0!)

The point is that a single 
 may be 
hosen, independent of the �nite subextension

L=K

1

. This independen
e depends heavily upon the fa
t that K

1

=K is rami�ed.

By Lemma 10.2.2, there is a (�1)-
o
hain y 2 L su
h that jyj � 1 and jÆyj > 


�1

for any value of 
 > 1. Given su
h an element, we 
an even 
onstru
t a g for any f .

To do this, we de�ne a produ
t (y; f) 7! y:f as follows:

r = 0 : y:f = yf
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r > 0 : (y:f)(s

1

; : : : ; s

r�1

) = (�1)

r

P

s2G

s

1

s

2

� � � s

r�1

s(y)f(s

1

; s

2

; : : : ; s

r�1

; s):

Be
ause G a
ts by isometries and the metri
 on M is an ultrametri
, it is 
lear that

if jyj � 1 then jy:f j � jf j.

By a routine 
al
ulation, one easily veri�es that (Æy)f � Æ(y:f) = y:Æf . Hen
e,

setting Tr

L=K

1

(y) = x and g = x

�1

(y:f), we have f � Æg = x

�1

(y:Æf). Sin
e

jx

�1

j < 
 and jyj � 1, jx

�1

(y:Æf)j � 
jÆf j.

10.2.2 The 
ohomology of H with 
oeÆ
ients in C

K

If R = (F;N ;M;




M ) is a 
ontinuous representation, 
all R a
y
li
 if the 
ontinuous


ohomology of R vanishes for indi
es � 1.

Approximation Lemma. A 
ontinuous representation (K;H ;M;




M ) satisfying

the hypotheses of Proposition 10.2.6 is a
y
li
.

Proof. The proof pro
eeds by su

essive approximations by dis
rete 
oboundaries

of a 
ontinuous 
o
hain representing a 
o
y
le.

Let f be a 
ontinuous 
o
hain representing some 
o
y
le of H

r

(H ;




M) (with

r > 0, of 
ourse). Take any sequen
e of dis
rete 
o
hains (with 
oeÆ
ients in M)

F

�

! f . Sin
e Æ is 
ontinuous and Æf = 0, we may assume that jF

�

� f j � 2

��

and jÆF

�

j � 2

��

. Fixing a 
onstant 
 > 0, let G

�

be 
hosen as in Proposition

10.2.6, so that jF

�

� ÆG

�

j � 
jÆF

�

j and jG

�

j � 
jF

�

j. If f

n

=

1

m

n

P

n

�=1

F

�

and

g

n

=

1

m

n

P

n

�=1

G

�

, where m

n

2 Z � F is a sequen
e of integers su
h that jm

n

j ! 1

as n!1, then

jf � f

n

j �

1

jm

n

j

n

X

�=1

jf � F

�

j �

1

jm

n

j

;

so f

n

! f . Similarly,

jg

n+`

� g

n

j �

�

�

�

�

1

m

n+`

�

1

m

n

�

�

�

�

+

�

�

�

�

1

m

n+`

�

�

�

�

;

and the right-hand side tends to 0 as n ! 1 for arbitrary �xed `. Thus, the g

n

form a Cau
hy sequen
e, so g

n

! g for some 
ontinuous (r�1)-
o
hain g. It is easy

to see that jf

n

� Æg

n

j �




jm

n

j

, so in the limit f = Æg.

Proposition 10.2.7. H

0

(H ;C

K

) = X and H

r

(H ;C

K

) = 0 for r > 0.

Proof. When r = 0, the result follows immediately from Proposition 10.2.6(1). By

Example 10.2.3, the proof for r > 0 follows from the Approximation Lemma.

10.3 The Main Results

10.3.1 Fixed points

Theorem 10.3.1. H

0

(G ;C

K

) = K and dim

K

H

1

(G ;C

K

) = 1.
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Proof. To prove the �rst statement, note that C

G

K

= (C

H

K

)

g

. By Proposition 10.2.7

and Theorem 10.1.9(1), this equals K.

To prove the se
ond statement, re
all the in
ation-restri
tion sequen
e

0! H

1

(g;X)! H

1

(G ;C

K

)! H

1

(H ;C

K

):(10.3.1)

By Theorem 10.1.9(1) and Proposition 10.2.7, the result is proven.

10.3.2 Twists

Fix a multipli
ative 
hara
ter � : G ! K

�

. (By 
ompa
tness, � must a
tually take

its values in A

�

.) Let K

1

denote the �xed �eld of ker�.

Theorem 10.3.2. If � is rami�ed, then H

0

(G ;C

K

(�)) = 0 = H

1

(G ;C

K

(�)).

Proof. Be
ause � is rami�ed, there is some �nite K

0

=K su
h that K

1

=K

0

is a

totally rami�ed Z

p

-extension.

Suppose �rst that K

0

= K. Sin
e (C

K

(�))

G

= ((C

K

(�))

H

)

g

and H a
ts

on C

K

(�) without a twist, Proposition 10.2.7 and Theorem 10.1.9(2) show that

H

0

(G ;C

K

(�)) = 0. For the se
ond result, the in
ation-restri
tion sequen
e works

just as in (10.3.1) above, ex
ept that Proposition 10.2.7 and Theorem 10.1.9(2) make

the outer terms both vanish, yielding H

1

(G ;C

K

(�)) = 0.

Now suppose that K

0

is any arbitrary �nite extension of K. Let U be the open

subgroup �xing K

0

. By the 
ase just proven, H

0

(U ;C

K

(�)) = 0 = H

1

(U ;C

K

(�)).

Therefore, in the in
ation-restri
tion sequen
e

0! H

1

(G =H ;H

0

(U ;C

K

(�)))! H

1

(G ;C

K

(�))! H

1

(U ;C

K

(�));

the outer terms are zero, 
ompleting the proof.

Remark 10.3.3. Sen's paper [9℄ 
ontains a proof of the non-existen
e of trans
en-

dental invariants in C

K

(Theorem 10.3.1) whi
h requires no 
lass �eld theory and

is 
ompletely elementary. However, for Tate's results, one also needs the vanishing

in Theorem 10.3.2, whi
h Sen does not obtain by elementary methods. �

10.3.3 An amusing appli
ation of the main results

Proposition 10.3.4. H

1

(G ;C

�

K

) is non-zero and torsion-free.

Proof. To see that H

1

(G ;C

�

K

) is non-zero, 
onsider the p-adi
 
y
lotomi
 
hara
ter

"

p

. A K

�

-valued 
hara
ter is 
ertainly a 1-
o
y
le, so "

p

represents an element of

H

1

(G ;C

�

K

). If "

p

(s) = s(�)=�, then � 2 H

0

(G ;C

K

("

�1

p

)), so � = 0 by Theorem

10.3.2. This means that "

p

represents a non-trivial element of H

1

(G ;C

�

K

).

It remains to show that the torsion submodule of H

1

(G ;C

�

K

) is trivial. If a


o
y
le f represents an n-torsion 
ohomology 
lass, then there is a � 2 C

�

K

su
h

that for all s 2 G , f(s)

n

= s(�)=�. If � is any nth root of �, then f

0

(s) = f(s)��=s(�)

takes values in �

n

. Sin
e C

K

is Hausdor� in the valuation topology, �

n

is dis
rete

be
ause it is �nite. Thus, by 
ontinuity, f

0

must fa
tor through the quotient of G

by an open subgroup, and therefore f

0

is a dis
rete 
o
y
le. (We have impli
itly

used Lemma 9.1.1.) By Hilbert's Theorem 90, there is some � 2 K

�

su
h that

f

0

(s) = s(�)=�, and therefore f is a 
oboundary.
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It seems quite unlikely that H

1

(G ;C

�

K

) is �nitely generated. In the spe
ial 
ase

where K is a �nite unrami�ed extension of Q

p

for some odd prime p, it is possible

to use Theorem 10.1.9 to produ
e an enormous subgroup of H

1

(G ;C

�

K

). The proof

below shows a use of the Theorem when X is the 
ompletion of an unrami�ed

Z

p

-extension of K.

Proposition 10.3.5. Let K be a �nite unram�ed extension of Q

p

with p > 2. If

K

1

is an unrami�ed Z

`

-extension of K with Galois group g and 
ompletion X, then

H

1

(g;X

�

) is naturally a torsion-free Z

p

module, and

dim

Q

p

(Q

p




Z

p

H

1

(g;X

�

)) = [K : Q

p

℄:

In parti
ular, H

1

(G ;C

�

K

) 
ontains a subgroup isomorphi
 to Z

[K:Q

p

℄

p

.

Proof. Be
ause the residue �eld of K is �nite, there is an unrami�ed Z

p

-extension

K

1

=K, �xed by some 
losed H � G . Write g for Gal(K

1

=K) and let X be the


ompletion of K

1

. By a Theorem of Sen (see [9℄), C

H

K

= X. Using the in
ation-

restri
tion sequen
e

0! H

1

(g;X

�

)! H

1

(G ;C

�

K

)! H

1

(H ;C

�

K

)

shows that the se
ond statement follows from the �rst.

Let � be a topologi
al generator for g. Given a 
ontinuous 
o
y
le f : g !

X

�

, if n > 0 then f(�

n

) =

Q

n�1

i=0

�

i

f(�). Thus, if jf(�)j 6= 1, then there is a

sequen
e in g tending to the identity whi
h does not tend to 1 in X

�

, 
ontradi
ting


ontinuity. Therefore, jf(�)j = 1, and this means that the image of h�i is 
ontained

in A

�

X

, so by density f(G ) � A

�

X

. If f = s(�)=�, then multiplying � by a suitable

power of p (whi
h is a uniformizer for X) shows that we may take � 2 A

�

X

. Thus,

H

1

(g;X

�

) = H

1

(g; A

�

X

). But A

�

X

= S � U

X

, where S is the group of Tei
hm�uller

representatives for the multipli
ative group of the residue �eld of X and U

X

is the

group of prin
ipal units. This fa
torization of A

�

X

is Galois-
ompatible, whi
h means

that H

1

(g; A

�

X

) = H

1

(g; k

�

)�H

1

(g; U

X

): Be
ause K

1

is unrami�ed and X and K

1

have the same residue �eld, g is the Galois group of the residue �eld extension, and

therefore by Hilbert's Theorem 90 (along with the fa
t that S-valued 
o
y
les are


ontinuous for the dis
rete topology on S) the �rst fa
tor is the trivial module.

As for the se
ond fa
tor, be
ause X is unrami�ed and p is odd, the p-adi


logarithm provides a g-module isomorphism U

X

�

=

A

X

. Now, by Lemma 9.1.1,

Lemma 9.2.9 and Theorem 10.1.9(1),

Q

p




Z

p

H

1

(g;X

�

) = Q

p




Z

p

H

1

(g; A

X

) = H

1

(g;X)

�

=

K:

By Proposition 10.3.4, H

1

(g;X

�

)

�

=

H

1

(g; A

X

) is a torsion-free Z

p

-module.

Corollary 10.3.6. If K is a �nite Galois extension of Q

p

with p > 2 and L is a

sub�eld of K su
h that L=Q

p

is unrami�ed, then H

1

(G ;C

�

K

) 
ontains a subgroup

isomorphi
 to Z

[L:Q

p

℄

p

.

Proof. This follows from the in
ation-restri
tion sequen
e and Hilbert's Theorem

90 for �nite Galois extensions.
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Remark 10.3.7. Consider the diagonal embedding C

�

K

! GL

n

(C

K

). Let f : G !

GL

n

(C

K

) be a 
o
y
le taking values in the image of C

�

K

. If f is a 
obound-

ary in H

1

(G ;GL

n

(C

K

)), then there is some matrix � su
h that for all s 2 G ,

f(s) = �

�1

s(�). Writing f(s) for the element along the diagonal of f(s), one

has s(�) = f(s)� for all s. This holds if and only if for ea
h 
oordinate �

ij

,

s(�

ij

) = f(s)�

ij

. Invertibility of � implies that some �

ij

6= 0, so it follows that

f(s) is a 
oboundary. This shows that the diagonal embedding indu
es an inje
-

tion H

1

(G ;C

�

K

) ! H

1

(G ;GL

n

(C

K

)) for all n > 0, so H

1

(G ;GL

n

(C

K

)) 6= 0 for

all n by Proposition 10.3.4. Thus, in spite of na��ve expe
tations whi
h may arise

from the fa
t that C

G

K

= K, attempts at a 
ontinuous analogue of \Galois des
ent"

from the enormous s
alar extension from K to C

K

is futile. This further shows

(
f. Se
tion 9.2.3) the desirability of a re�nement of the Hodge-Tate 
ondition to

involve something less drasti
 than applying the \non-invertible" fun
tor C

K




K

( � )

to K[G ℄-modules (with �nite K-dimension and 
ontinuous G -a
tion). �
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A Invariant Di�erentials on Group S
hemes

Motivated by the 
lassi
al theory of Lie groups, it is reasonable to expe
t that

\invariant di�erentials" should play a useful role in the study of group s
hemes.

However, in this more general 
ontext it takes some work to properly de�ne and

prove the 
orre
t adaptations of the 
lassi
al results. The purpose of this appendix

is to 
onstru
t invariant di�erentials on formal group s
hemes and to show that they

freely generate the module of di�erentials. Using this information, we 
an 
ompute

the dis
riminants of 
ertain isogenies between formal Lie groups (
f. Se
tion 4.3.1).

The proofs we give here apply to both aÆne and formal group s
hemes. We give

the proofs in the formal 
ase be
ause we make heavy use of it in Part II. Translating

the results into the aÆne language simply involves removing \ b " symbols and

erasing the words \pro�nite" and \formal" whenever they o

ur. (With some 
are,

these methods 
an be adapted to suitable non-aÆne group s
hemes, but this is not

ne
essary for our purposes.)

We refer the reader to Se
tion 2.1.1 and Se
tion 2.1.2 for the basi
 fa
ts and

notations from the theory of pseudo
ompa
t rings and formal fun
tors, as we use

these extensively without 
omment in what follows.

A.1 De�nitions

Fix a pseudo
ompa
t base ring A and let G = Spf

A

(B) be a formal group over

S = Spf

A

(A). We work in the 
ategory of formal S-s
hemes; to simplify notation,

\T -s
heme" will always mean \formal T -s
heme" for a formal S-s
heme T . As usual,

G

T

= G �

S

T is the notation for base 
hange. There is a natural identi�
ation

G(T ) = G

T

(T ).

De�nition A.1.1. Given g 2 G(T ), de�ne the left-translation by g to be the fun
-

torial map

�

g

: G

T

= G

T

�

T

T

id�g

���! G

T

�

T

G

T

m

T

��! G

T

:

Equivalently, �

g

is the unique morphism G

T

! G

T

su
h that for any T -s
heme

T

0

! T and any point h 2 G

T

(T

0

), �

g

(T

0

)(h) = g

T

0

h, where g

T

0

is the image of g in

G

T

(T

0

) under the base 
hange (pullba
k) map. The right translation by g, written

�

g

, is de�ned similarly. It is 
lear that the formation of �

g

and �

g

are 
ompatible

with base 
hange and are fun
torial in G.

Be
ause G is a group s
heme, the left-translations �

g

(for g 2 G(T )) are auto-

morphisms of the formal T -s
heme G

T

. Yoneda's Lemma shows that translation by

the G-valued point id

G

: G! G, the universal point , a
ts as a universal translation

in the following sense: �

id

G

: G �

S

G ! G �

S

G sends a point (x; y) to the point

(yx; y). Given any h 2 G(T ), �

h

is just the base 
hange of �

id

G

by h, i.e., the

diagram

G�

S

T

�

h

//

id

G

�h

��

G�

S

T

id

G

�h

��

G�

S

G

�

id

G

//

G�

S

G

(A.1.1)
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is 
artesian.

De�nition A.1.2. A di�erential ! 2 


1

G=S

=

b




1

B=A

is left-invariant if for all S-

s
hemes T ! S and all points g 2 G(T ), �

�

g

!

T

= !

T

under the 
anoni
al isomor-

phism �

�

g




G=S

�

=




G=S

indu
ed by �

g

. The set of all left-invariant di�erential forms

on G will be denoted by 


1;`

G=S

.

Remark A.1.3. It is 
lear that for any h 2 G(T ), !

T

= (id

G

�h)

�

!

G

. By (A.1.1),

(id

G

�h) Æ �

h

= �

id

G

Æ (id

G

�h);

so we see that

�

�

h

!

T

= �

�

h

(id

G

�h)

�

!

G

= (id

G

�h)

�

�

�

id

G

!

G

;

and therefore ! is left-invariant if and only if it is invariant under left-translation

by the universal point id

G

. This shows that 


1;`

G=S

is identi�ed with the kernel of the

module map

� : 


1

G=S

! 


1

G�G=G

de�ned by

! 7! �

�

id

G

!

G

� !

G

:

It is easy to see that � is a 
ontinuous map of pro�nite A-modules, and therefore




1;`

G=S

is a 
losed (and hen
e pro�nite) A-submodule of 


1

G=S

. Similarly, it is straight-

forward to see that 


1;`

G=S

,! 


1

G=S

is a \subfun
tor" in the formal group G. It is

not obvious that 


1;`

G=S

is of formation 
ompatible with base 
hange on S (or that it

is nonzero in general), but the next se
tion will settle these points. �

A.2 Existen
e of invariant di�erentials

We will now show that the formal relative 
otangent spa
e of G at the identity

se
tion 
an be \propogated by translation" to 
onstru
t all of the left-invariant

di�erential forms on G. Let " : S ! G be the identity se
tion and let I 2 B be

the augmentation ideal. Given !

0

2 "

�




1

G=S

, the strategy will be to 
hoose any

\lift" ! 2 


1

G=S

su
h that "

�

! = !

0

and to 
onstru
t from ! a left-invariant lift.

The following elegant method is an adaptation to the formal 
ase of the ordinary

s
heme-theoreti
 method in [6, Proposition 1, x4.2℄.

Suppose for a moment that G is a smooth 
lassi
al Lie group. If we a

ept that

the spa
e of global 1-forms is freely spanned by the left-invariant 1-forms, then we

may write any 1-form ! as

!(x) =

X

a

i

(x)!

i

(x)

for all x 2 G, where the a

i

are global smooth fun
tions on G and the !

i

are global

left-invariant 1-forms. We wish to 
onstru
t a global left-invariant 1-form !

0

su
h

that !

0

(0) = !(0). In other words, we want

!

0

(x) = �

�

x

�

X

a

i

(0)!

i

(0)

�

=

X

a

i

(0)!

i

(x):
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We desire a fun
torial 
onstru
tion of !

0

from ! whi
h is less dependent upon points

and generalizes to (formal) s
hemes. Given x 2 G, if j

2

: G ! G � G sends y to

(x; y), then for a left-invariant form !

i

we have j

�

2

(m

�

!

i

) = �

�

x

!

i

= !

i

. Thus, using

the 
anoni
al de
omposition




1

G�G

= p

�

1




1

G

� p

�

2




1

G

;(A.2.1)

we see that

(m

�

!

i

)(x; y) = �(x; y) + !

i

(y);

where � =

P

b

j

(x; y)�

j

(x) for some 1-forms �

j

(x) in the 
otangent spa
e at x. We

have therefore shown that the \se
ond 
omponent" of m

�

!

i

(x; y) in (A.2.1) is !

i

(y).

Thus,

(m

�

!)(x; y) = �

0

+

X

a

i

(xy)!

i

(y)

where ~! =

P

a

i

(xy)!

i

(y) is the se
ond 
omponent of (m

�

!)(x; y). If Æ : G! G�G

is the \twisted diagonal map" whi
h sends x to (x

�1

; x) then pulling ba
k ~! by Æ

yields

(Æ

�

~!)(x) =

X

a

i

(0)!

i

(x) = !

0

(x):

This gives a way of 
onstru
ting a left-invariant 1-form !

0

agreeing with ! at 0.

The following is a fun
torial revision of this point-theoreti
 argument.

Proposition A.2.1. Given !

0

2 "

�




1

G=S

, there is a unique ! 2 


1;`

G=S

su
h that

"

�

! = !

0

.

Proof. To prove existen
e, let ! be any lift of !

0

(i.e., "

�

! = !

0

). (This step uses

the \aÆneness" of our formal s
hemes.) Using the natural isomorphism

p

�

1




1

G=S

� p

�

2




1

G=S

�

�! 


1

G�

S

G=S

;(A.2.2)

write m

�

! = !

1

� !

2

. Let Æ : G ! G �

S

G be the twisted diagonal map given on

the level of points by x 7! (x

�1

; x). We 
laim that !

0

= Æ

�

!

2

is a left-invariant lift

of !

0

. To see that !

0

lifts !

0

, we need to show that

"

�

Æ

�

!

2

= "

�

!:

Consider the base 
hange "

G

of the identity se
tion " : S ! G by G ! S; that

is, "

G

(x) = (1; x) on the level of points. Then p

1

Æ "

G

fa
tors through the identity

se
tion, so

"

�

G

(!

2

) = "

�

G

(!

1

+ !

2

) = "

�

G

m

�

! = !

be
ause m Æ "

G

= id

G

. Therefore, it suÆ
es to show that "

�

Æ

�

= "

�

"

�

G

to show that

!

0

lifts !

0

. But it is easy to see that Æ Æ " = "

G

Æ " as morphisms S ! G �

S

G, so

the result follows by fun
toriality.

It remains to show that !

0

is left-invariant. By base 
hange, it suÆ
es to prove

invarian
e under left-translation by points of G(S). Consider the diagram

G

�

g

//

Æ

��

G

Æ

��

G�

S

G

�

g

�1

��

g

//

G�

S

G:

(A.2.3)
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This 
ommutes by the de�nition of Æ. Clearly, p

1

Æ (�

g

�1 � �

g

) = �

g

�1 Æ p

1

and

p

2

Æ (�

g

�1
� �

g

) = �

g

Æ p

2

, so the map (�

g

�1
� �

g

)

�

respe
ts the de
omposition

(A.2.2). Furthermore, m Æ (�

g

�1
� �

g

) = m, so writing ~!

i

= (�

g

�1
� �

g

)

�

!

i

yields

!

1

� !

2

= m

�

! = ~!

1

� ~!

2

;

and therefore !

i

= ~!

i

. But then 
ommutativity of (A.2.3) shows that Æ

�

!

2

is left-

invariant under translations by points of G(S), as desired.

If ! and !

0

are left-invariant lifts of !

0

, then "

�

! = "

�

!

0

. Sin
e g = �

g

Æ " for

any g 2 G(S), left-invarian
e shows that

g

�

! = g

�

!

0

;

and fun
toriality extends the argument to all points of G. Using the universal point

of G, we 
on
lude that ! = !

0

.

Corollary A.2.2. The formation of 


1;`

G=S

is naturally 
ompatible with base 
hange

on S as a subfun
tor of 


1

G=S

.

Proof. Sin
e "

�




1

G=S

is 
ompatible with base 
hange on S, this follows from Propo-

sition A.2.1.

Finally, we 
an prove that the left-invariant di�erentials span 


1

G=S

. Let � : G!

S be the stru
ture morphism.

Theorem A.2.3. There is a unique isomorphism of O

G

-modules

�

G

: �

�

"

�




1

G=S

! 


1

G=S

satisfying "

�

(�

G

) = id. This is fun
torial in G and of formation 
ompatible with

base 
hange on S.

Proof. By uniqueness, Proposition A.2.1 shows that there is an O

S

-module map

"

�




1

G=S

! 


1;`

G=S

� 


1

G=S

of formation 
ompatible with base 
hange on S (and fun
torial in G). Note that by


onstru
tion, "

�

�

G

is the identity on "

�




1

G=S

(using "

�

�

�

= 1). Thus, pulling ba
k

by � yields an O

G

-module map

�

G

: �

�

"

�




1

G=S

! 


1

G=S

:

By the usual fun
toriality and base 
hange arguments (using Corollary A.2.2), to

show �

G

is an isomorphism it suÆ
es to prove that g

�

�

G

is an isomorphism for all

g 2 G(S). Consider the diagram

�

�

g

�

�

"

�




1

G=S

�

�

g

�

G

���! �

�

g




1

G=S

?

?

y

?

?

y

�

�

"

�




1

G=S

�

G

���! 


1

G=S

;

(A.2.4)
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where the left 
olumn is the isomorphism de�ned using � Æ �

g

= � and the right


olumn is the isomorphism given by fun
toriality of 


1

. If we 
an show that this

diagram 
ommutes then we will be done, for applying "

�

to the rows yields the

identity map on the bottom and g

�

�

G

on the top.

By 
ontinuity, it suÆ
es to 
hase an element of the form x = b

b


!

0

, starting

in the upper left of (A.2.4). The left map sends x to x

0

= (�

�1

g

)

�

(b)

b


!

0

and the

bottom map sends x

0

to (�

�1

g

)

�

(b)!, where ! is the unique left-invariant lift of !

0

.

On the other hand, the top map takes x to y = b

b


! and the right map takes y to

(�

�1

g

)

�

(b)(�

�1

g

)

�

! = (�

�1

g

)

�

(b)! be
ause ! is left-invariant.

By the uniqueness in Proposition A.2.1, �

G

is uniquely 
hara
terized by the


ondition "

�

G

(�

G

) = id. From the above 
onstru
tion we dedu
e fun
toriality in G

and the uniqueness of �

G

ensures base 
hange 
ompatibility on S.

Corollary A.2.4. If B = O(G), there is a unique isomorphism of pro�nite B-

modules

B

b




A




1;`

G=S

�

�! 


1

G=S

indu
ing the natural map along the identity se
tion. This is fun
torial in G and of

formation 
ompatible with base 
hange on A. Similarly, there is a natural isomor-

phism

B

b




A

I=I

2

�

�! 


1

G=S

:

Proof. This is simply de�nition 
hasing in Theorem A.2.3, along with the fa
t that




1;`

G=S

�

=

"

�




1

G=S

�

=

I=I

2

by Proposition A.2.1 and Lemma 3.1.1.

The �nite (or even aÆne) 
ases of Theorem A.2.3 and Corollary A.2.4 are for-

mally identi
al, as the properties of the sheaf of relative di�erentials and base 
hange

are the same in the 
ategory of s
hemes aÆne over a �xed base S.

The abstra
t methods used in this se
tion also yield some 
on
rete results.

Proposition A.2.5. Let G! S be a formal group. Given ! 2 


1

G=S

, write m

�

! =

!

1

� !

2

.

(1) If ! is left-invariant, !

2

= p

�

2

!.

(2) If ! is right-invariant, !

1

= p

�

1

!.

Proof. We 
onsider the 
ase of left-invarian
e. (The right-invariant 
ase follows from

the obvious alteration of the proof of Proposition A.2.1.) Applying the 
onstru
tion

of Proposition A.2.1 to !, we dedu
e that Æ

�

!

2

= !. Thus, p

�

2

! = p

�

2

Æ

�

!

2

= !

2

.

Remark A.2.6. When G is 
ommutative (the 
ase of interest to us), left-invariant

forms ! are automati
ally right-invariant be
ause inversion is a group morphism

whi
h inter
hanges left- and right-translation. In fa
t, one 
an show that the forms

whi
h are simultaneously left- and right-invariant are pre
isely those forms satisfying

m

�

! = p

�

1

! + p

�

2

! [1, Theorem 4.1.3℄. �

Corollary A.2.7. Let G be a 
ommutative formal group s
heme over S, and let

[N ℄ : G! G be the map sending x! Nx on the level of points. If ! 2 


1;`

G=S

, then

the natural map [N ℄

�




1

G=S

! 


1

G=S

sends [N ℄

�

(!) to N!.
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Proof. Write [N ℄ = m

N

Æ�

N

where �

N

is the N -fold diagonal map and m

N

is the

N -fold multipli
ation map. The obvious extension of Proposition A.2.5 and Remark

A.2.6 shows that

m

�

N

(!) = p

�

1

! + � � �+ p

�

N

!:(A.2.5)

On the other hand, it is 
lear that under the natural map �

�

N

(


1

G�

S

����

S

G=S

) !




1

G=S

;

�

�

N

(p

�

1

!

1

+ � � �+ p

�

N

!

N

) 7! !

1

+ � � �+ !

N

;(A.2.6)

so 
ombining (A.2.5) and (A.2.6) yields the Corollary.

B Conne
ted formal groups in 
hara
teristi
 0

Throughout this appendix, K is a �eld of 
hara
teristi
 0.

We will prove that every 
onne
ted formal group over K is a formal Lie group

and that every 
ommutative formal Lie group of relative dimension ` over K is

isomorphi
 to

Q

`

i=1

b

G

a

.

B.1 Conne
ted formal groups over K are smooth

Proposition B.1.1. Any 
onne
ted formal group s
heme over K is formally smooth.

Proof. Let O(G) = A, and let m denote the augmentation ideal of A. Choose a

topologi
al basis fx

i

g for m=m

2

. Sin
e A=m = K, it is elementary that any lift of

this basis to a set fy

i

g � m gives rise to a unique 
ontinuous surje
tion of pro�nite

K-algebras

� : K[[fY

i

g℄℄! A

su
h that Y

i

maps to y

i

. We 
laim that � is inje
tive. If n = (fY

i

g) is the augmen-

tation ideal of K[[fY

i

g℄℄, then \n

t

= (0), so if ker � 6= 0 there is t � 0 su
h that

ker � � n

t

but ker � 6� n

t+1

; by the de�nition of the y

i

s, t � 2. Let f 2 ker � � n

t+1

.

We know by Corollary A.2.4 that 


1

G=K

is a topologi
ally free pro�nite A-module

and the dy

i

lift a topologi
al basis of 


1

G=K

, so by the Formal Nakayama's Lemma

and topologi
al 
atness arguments over the lo
al pseudo
ompa
t ring A, we 
on-


lude that 


1

G=K

has topologi
al basis dy

i

. Similarly,

b




1

K[[fY

i

g℄℄=K

is a topologi
ally

free K[[fY

i

g℄℄-module with topologi
al generators dY

i

. The indu
ed map on di�er-

entials is d� : dY

i

7! dy

i

, so we see that if f 2 ker �, then �f=�Y

i

2 ker � as well.

But then �f=�Y

i

2 n

t

for all Y

i

so be
ause K has 
hara
teristi
 zero we must have

f 2 n

t+1

, whi
h is a 
ontradi
tion.

B.2 The \formal logarithm"

Given a 
lassi
al Lie group G, the exponential mapping determines a lo
al isomor-

phism between the Lie algebra of G and a neighborhood of the identity e 2 G. Given

two points x and y suÆ
iently 
lose to e, their produ
t xy will also be 
lose to e,

and similarly with inversion. The Campbell-Baker-Hausdor� formula shows that the
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lo
al group stru
ture of G is determined by the stru
ture of the Lie algebra of G.

Be
ause the group law on G is analyti
, the power series expansion for xy in terms

of x and y (in lo
al 
oordinates) and the power series expansion for the inversion

map gives us a formal Lie group

b

G (the \
ompletion of G at the identity"), and in

the 
ommutative 
ase the Campbell-Baker-Hausdor� formula gives an isomorphism

between

b

G and

b

G

n

a

, where n = dimG. We have seen in Proposition B.1.1 that any


onne
ted formal group over K is a formal Lie group. We will now show that the

lo
al isomorphism of G with its tangent spa
e has a formal analogue for 
onne
ted


ommutative formal groups over our �eld K of 
hara
teristi
 zero.

Example B.2.1. Consider the formal groupsG

a

andG

m

overK. Be
ause 
harK =

0, we may de�ne a map

exp :

b

G

a

!

b

G

m

given on the level of algebras by X 7!

P

1

n=1

Y

n

=n!. Similarly, we may de�ne

log :

b

G

m

!

b

G

a

by Y 7!

P

1

n=1

(�1)

n+1

X

n

=n. The usual formal relations show that these are in fa
t

morphisms of formal groups over K and that they are mutual inverses. �

Remark B.2.2. As noted in Remark 3.3.4, for a formally smooth formal K-group

with algebraK[[fX

i

g℄℄, the image ofX

i

under the 
omultipli
ation isX

i

b


 1+1

b


X

i

+

higher order terms. �

Theorem B.2.3. Any (smooth) 
onne
ted 
ommutative formal group G over K is

isomorphi
 to a dire
t sum of 
opies of

b

G

a

.

The idea of the proof is to alter the situation of Remark B.2.2 in order to get

rid of the higher order terms in the 
omultipli
ation. We will do this in a series

of steps, using \Ho
hs
hild 
ohomology," whi
h is a fun
torial version of group


ohomology. Our version will be tailored to suit our needs; for a more 
omprehensive

version of the theory, see [2, II, x3℄ and [3, Chapter I, x10℄. We omit many routine

details in what follows. All fun
tors below are formal K-fun
tors; that is to say,

fun
tors on the 
ategory of �nite (Artinian) K-algebras. In this appendix, and in

this appendix only , the word group will signify a group in the 
ategory of sets (i.e.,

a 
lassi
al group), group-fun
tor will denote a (possibly non-representable) group-

valued formal fun
tor, and group s
heme will denote a pro-representable group-

valued formal fun
tor. (In other words, \group s
heme" here means what \formal

group s
heme" means everywhere else.)

B.2.1 Ho
hs
hild 
ohomology

Given a 
ommutative group-fun
torM and an arbitrary group-fun
tor G whi
h a
ts

(fun
torially) on M , de�ne the group of n-
o
hains, denoted C

n

(G;M ), to be the

group of morphisms (natural transformations) G

n

!M , with the group stru
ture

provided by the group stru
ture on the fun
torM . An n-
o
hain f is then equivalent

to a family of n-
o
hains from G(R)

n

to M (R) whi
h varies 
ovariantly with the

�nite Artinian K-algebra R.

96



As usual, de�ne 
oboundary homomorphisms, �

n

: C

n

(G;M ) ! C

n+1

(G;M )

given on the level of points by

(�f)(g

1

; : : : ; g

n+1

) = g

1

f(g

2

; : : : ; g

n+1

) +

n

X

i=1

(�1)

i

f(g

1

; : : : ; g

i

g

i+1

; : : : ; g

n+1

) +

(�1)

n+1

f(g

1

; : : : ; g

n

):

De�ne Z

n

(G;M ) = ker �

n

and de�ne B

n

(G;M ) = im�

n�1

. The n-th Ho
hs
hild


ohomology group is de�ned to be

H

n

(G;M ) = Z

n

(G;M )=B

n

(G;M ):

This is evidently fun
torial inM and G. Using the 
onvention that G

0

= SpfK, we

see that H

0

(G;M ) =M

G

(K) is the group of G-invariant elements inM (K). Sim-

ilarly, H

1

(G;M ) is the group of 
rossed homomorphisms modulo the trivial 
rossed

homomorphisms (suitably fun
torially de�ned). The primary obje
t of interest to

us is the se
ond 
ohomology H

2

(G;M ). In this 
ase, we may use the 
ommutativity

of M to de�ne a symmetri
 
ohomology group as follows. All elements f of B

2

are

symmetri
, i.e., on points they satisfy f(u; v) = f(v; u). De�ne the symmetri
 n-


o
hains C

n

s

(G;M ) to be n-
o
hains f su
h that f(u

1

; : : : ; u

n

) = f(u

�(1)

; : : : ; u

�(n)

)

for all � 2 S

n

, the symmetri
 group on n letters. Be
ause B

2

� C

2

s

, if we de�ne

Z

2

s

= C

2

s

\ Z

2

, we may de�ne

H

2

s

(G;M ) = Z

2

s

(G;M )=B

2

(G;M ):

This is 
ovariant inM , 
ontravariant in G. The following result is not surprising.

Proposition B.2.4. Given a G-module M as above,

(1) there is a bije
tion between H

2

(G;M ) and equivalen
e 
lasses of extensions

M

i

�!E

p

�!G(B.2.1)

of group-fun
tors su
h that i is an inje
tion giving the kernel of p, p has a

se
tion (whi
h is not required to be a map of group-fun
tors), and the a
tion

of G on the normal subgroup fun
tor M indu
ed by this extension is the given

a
tion;

(2) if G is 
ommutative and a
ts trivially on M , there is a bije
tion between

H

2

s

(G;M ) and extensions (B.2.1) where E is 
ommutative.

Proof. The proof is straightforward and pro
eeds in just the same way as the 
lassi-


al proof, ex
ept that one works with points of the fun
tors and must 
he
k (straight-

forward) fun
toriality at several points in the proof.

Corollary B.2.5. If G =

L

j2J

G

j

, then the natural map of groups

� : H

2

s

(G;M )!

Y

H

2

s

(G

j

;M ):
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is an isomorphism.

Proof. Given a \symmetri
 extension" S :M

i

�!E

p

�!G, �(S) is represented by the

family of symmetri
 extensions S

j

:M

i

�!E

j

= p

�1

(G

j

)

p

�!G

i

given by restri
ting

the 
orresponding 
o
hain to the various subgroups G

j

of G.

Note that for any �nite K-algebra R, the exa
tness of all of the S

j

(R) and of

S(R) show that E(R) is isomorphi
 as a group to (

L

E

j

(R))=N(R), where N(R) �

M (R)

�J

is the subgroup formed by tuples (u

j

) su
h that all but �nitely many

of the u

j

are zero and

P

u

j

= 0 in M (R). In other words, the kernel of the

map

L

E

j

(R) ! E(R) 
omes from identifying the 
opies of M (R) inside ea
h

E

j

(R). Therefore, if E

j

(R) =M (R)�G

j

(R) for all j we see that there is a natural

isomorphism E(R)

�

=

M (R)�G(R) and therefore � is inje
tive.

On the other hand, given a family of extensions S

j

, we may simply form the

group fun
tor E(R) = (

L

E

j

(R))=N(R), and one easily 
he
ks that E ! G is

split as a map of formal fun
tors and that p

�1

(G

j

) = E

j

. This shows that � is

surje
tive.

B.2.2 An analysis of H

2

(G;

b

G

a

)

To prove Theorem B.2.3, we will be interested only in the 
ase whereM =

b

G

a

and

where G is a group s
heme G a
ting trivially on

b

G

a

. If B = O(G), then the 
o
hain


omplex C

n

(G;

b

G

a

) may 
learly be realized 
on
retely as the group B

b



n

and the


oboundary maps be
ome

�

n

(b

1

b


 � � �

b


 b

n

) = 1

b


 b

1

b


 � � �

b


 b

n

+

n

X

i=1

(�1)

i

b

1

b


 � � �

b


m

�

b

i

b


 b

i+1

b


 � � �

b


 b

n

+ (�1)

n+1

b

1

b


� � �

b


 b

n

b


 1

extended by 
ontinuity to all of C

n

(G;

b

G

a

). We will denote this group by C

n

(G) in

what follows. Similarly, we will write Z

n

(G) for 
o
y
les, B

n

(G) for 
oboundaries,

and H

n

(G) for 
ohomology (all taking values in

b

G

a

).

Suppose G

�

=

L

i2I

b

G

a

. In this 
ase, C

n

(G) naturally breaks up as a produ
t

Q

C

n;r

(G), where C

n;r

(G) � C

n

(G) is the 
losed subspa
e of given by homogeneous

polynomials of degree r. Furthermore, be
ause m

�

is homogeneous, this de
ompo-

sition is respe
ted by the 
oboundary operator �, so we see that

H

n

(G)

�

=

1

Y

r=0

H

n;r

0

(G)

and

H

2

s

(G)

�

=

1

Y

r=0

H

2;r

s

(G):

Lemma B.2.6. If G =

L

i2I

b

G

a

, then H

2;r

s

(G) = 0 for all r � 2.
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Proof. This relies on a 
omputational Lemma due to Lazard, a spe
ial 
ase of whi
h

says that ifK has 
hara
teristi
 zero and P is a symmetri
 homogeneous polynomial

of degree r in two variables satisfying P (Y;Z) � P (X + Y;Z) + P (X;Y + Z) �

P (X;Y ) = 0, then there is a 
 2 K su
h that P = 
((X + Y )

r

� X

r

� Y

r

). For

details (whi
h are a long string of uninspiring 
al
ulations), see [5, p. 44℄.

By Corollary B.2.5, we redu
e the statement to be proven to the 
ase where G =

b

G

a

. In this 
ase, using our expli
it version of C

n

(G), we see that any homogeneous

(2; r)-
o
hain is a symmetri
 homogeneous polynomial P of degree r in two variables,

and translating the 2-
o
y
le 
ondition yields P (Y;Z) � P (X + Y;Z) + P (X;Y +

Z) � P (X;Y ) = 0. By Lazard's Lemma, there is a 
 2 K su
h that P = 
((X +

Y )

r

�X

r

� Y

r

), and this says pre
isely that P is a (2; r)-
oboundary.

B.2.3 The proof of Theorem B.2.3

Now suppose that G is any 
onne
ted 
ommutative formalK-group. By Proposition

B.1.1, we know that O(G) is isomorphi
 to K[[fX

i

g

i2I

℄℄ for some index set I.

We may again realize the 
o
hain 
omplex C

�

(G) expli
itly, but sin
e m

�

is no

longer a priori homogeneous, there is no longer a �-
ompatible gradation C

n

(G) =

Q

C

n;r

(G). Instead, be
ause m

�

has no 
onstant term, there is a �-
ompatible

�ltration C

n

r

(G) 
onsisting of tensors (polynomials) with no terms of degree less

than r. We similarly de�ne C

n

s;r

, Z

n

r

, Z

n

s;r

, B

n

r

, and B

2

s;r

. There is an indu
ed

�ltration on 
ohomology, and we let H

2

s;r

denote the rth pie
e of the graded group

asso
iated to (the �ltered group) H

2

s

.

Lemma B.2.7. Given a 
onne
ted 
ommutative formal K-group G, H

2

s;r

(G) = 0

for all r � 2.

Proof. View O(G) as the algebra for G

0

= �

i2I

b

G

a

(with formal 
omultipli
ation

X

i

7! Y

i

+ Z

i

). As noted in Remark B.2.2, m

�

(X

i

) � Y

i

+ Z

i

(mod deg � 2).

Therefore the identity map O(G)! O(G) indu
es an isomorphism of 
omplexes of

graded obje
ts grC

�

(G

0

)! grC

�

(G). The Lemma follows from Lemma B.2.6.

Lemma B.2.8. Let G be a 
onne
ted 
ommutative formal K-group with algebra B

and augmentation ideal I. Let J be the maximal ideal of B

b


B. If B = K[[fX

i

g℄℄

su
h that m

�

X

i

� X

i

b


 1 + 1

b


X

i

(mod J

n

), then there is an automorphism of B

determined by X

i

7! X

0

i

su
h that X

0

i

� X

i

(mod I

n

) and m

�

X

0

i

� X

0

i

b


 1 + 1

b


X

0

i

(mod J

n+1

).

Proof. Writingm

�

X

i

= X

i

b


 1+1

b


X

i

+b

i

, we see by de�nition that b

i

= ��X

i

, so b

i

is a 2-
o
y
le. By Lemma B.2.7, there is some homogeneous 


i

2 I

n

su
h that �


i

�

b

i

(mod J

n+1

). Letting X

0

i

= X

i

+


i

and using the fa
t that the 


i

are homogeneous

of degree n shows that X

i

7! X

0

i

gives an isomorphism K[[fX

i

g℄℄

�

! K[[fX

0

i

g℄℄ su
h

that (identifying the two rings) m

�

X

0

i

� X

0

i

b


 1 + 1

b


X

0

i

(mod J

n+1

).

Proof of Theorem B.2.3. This follows from Remark B.2.2 and indu
tion on Lemma

B.2.8; the 
ongruen
e 
ondition on X

i

and X

0

i

shows that in the limit of the in-

du
tion, we have written O(G) as K[[fX

i

g℄℄ su
h that m

�

X

i

= X

i

b


 1 + 1

b


X

i

, as

desired. The point is that if fX

i;n

g denotes the formal 
oordinates at the nth stage
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of the indu
tion, then X

i

= limX

i;n

2 O(G) makes sense and K[[fX

i

g℄℄ ! O(G) is

an isomorphism by the Formal Nakayama's Lemma. Sin
e

m

�

X

i

� m

�

X

i;n

� X

i;n

b


 1 + 1

b


X

i;n

� X

i

b


 1 + 1

b


X

i

(mod J

n

)

for all n � 1, we see that in fa
t m

�

X

i

= X

i

b


 1 + 1

b


X

i

.
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