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Abstract. We show that there do not exist any non-zero abelian varieties with good reduction everywhere
over the real quadratic fields Q(v/A) of discriminant A at most 21. On the other hand, for every discrim-
inant A > 21 there does exist a non-zero abelian variety over Q(vA) with good reduction everywhere.

1. Introduction.

In 1985 V.A. Abrashkin and J.-M. Fontaine each proved that there do not exist any non-
zero abelian varieties over Q with good reduction modulo every prime [1, 3]. In their
papers both authors extended this result to a few other number fields of small degree and
discriminant. In this paper we consider abelian varieties over real quadratic fields with
good reduction everywhere. Our main result is the following.

Theorem 1.1. There do not exist any non-zero abelian varieties with good reduction
everywhere over the real quadratic field Q(v/A) if and only if the discriminant A is at
most 21.

One direction of the proof of Theorem 1.1 is easy. Abelian varieties over Q(v/A) with
good reduction everywhere can be constructed as follows. Let Y(A) — X((A) denote
the quadratic subcover of the cover of modular curves X;(A) — Xy(A) cut out by
the unique quadratic Dirichlet character of conductor A. The curves Xo(A) and Y (A)
and their Jacobians Jo(A) and J(A) are defined over Q and so is the abelian variety
A(A) = J(A)/Jo(A). It follows from a result attributed to Langlands in [5, Prop. 2 on
page 263], that A(A) acquires good reduction everywhere over the quadratic field Q(v/A).

The dimension of A(A) is equal to the dimension of the space S2(I'o(A),xa) of
weight 2 ‘nebentypus’ cusp forms and is given by

A 1 1
dim A(A) = I H (1 + }—9) — 5#{d|A s ged(d, AJd) = 1}
plA
1 1 ,
- mE;AZ xa(z) — g#{x €EZ/AZ:x*+2x+1=0}.
z241=0

This follows from the Trace Formula. See [8, p.168]. It is an exercise in elementary number
theory to check that the dimension of A(A) grows approximately linearly with A and that
it is zero if and only if A =5, 8, 12, 13, 17 or 21.
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This paper is devoted to proving the other direction of Theorem 1.1. To this aim we
study —like Abrashkin, Fontaine and [11]— commutative finite flat group schemes over
the rings of integers of Q(v/A) for A < 21. More precisely, we try to classify 2-power order
group schemes, or 2-group schemes for short, over these rings. It turns out that unramified
twists cause trouble. They give rise to many more non-isomorphic group schemes. Life is
easier when the base ring does not admit any non-trivial unramified quadratic extensions.
Therefore we replace each real quadratic base field by its narrow Hilbert class field F.
This is the maximal abelian extension that is unramified at every finite prime. In the
range of our computations, this means that ' = Q(\/Z) for A =5, 8, 13 and 17, while
F = Q(VA,/=3) for A =12 and 21. In each case the field F' has narrow class number 1.

We first determine the simple 2-group schemes over the ring of integers Op of F.
This is a computation involving finite extensions of F' with bounded ramification. Here
class field theory and discriminant bounds play a role. Rather than following [11], we use
directly the bounds on certain ramification indices proved by Abrashkin and Fontaine. The
relevant properties of Herbrand functions are discussed in section 2. We employ Odlyzko’s
unconditional discriminant bounds [6]. They are unconditional, in the sense that they do
not depend on the truth of the Generalized Riemann Hypothesis (GRH). In section 3 we
determine the simple 2-group schemes over the rings of integers of the narrow Hilbert class
fields F of the six fields Q(v/A) with A < 21. Tt so happens that in each case all simple
2-group schemes have order 2.

Next we determine the possible extensions of the simple 2-group schemes by one
another. Extensions involving the group schemes po and Z/2Z are discussed in section 4,
The remaining extension groups are described in sections 7 and 8. It turns out that for
each F', several extension groups over O vanish. In some of the cases where the extension
group is non-trivial, we explicitly describe the Hopf algebras of the non-split extensions.

This enables us to obtain a rough classification of 2-group schemes over the ring Op.
The group schemes A[2"] of the 2"-torsion points of g-dimensional abelian varieties A
over F' with good reduction everywhere, or rather of their Néron models over O, are
examples of 2-group schemes over Op. For each A < 21 we apply a criterion established
in section 5 and show that if A were non-zero, then the group schemes A[2"] would not fit
the classification for n > 0. This implies Theorem 1.1.

The cases A = 5, 8 and 12 had been dealt with earlier [1, 3, 11], but using 3-group
schemes rather than 2-group schemes. The case A = 13 already appeared in a preprint by
Hendrik Verhoek [14]. We take care of all six cases in a uniform way in sections 6, 7 and 8.

The dimensions of the abelian varieties A(A) are always even. They are equal to 2
if and only if A = 24, 28, 29, 33, 37 or 41. In these cases there exists an elliptic curve
over Q(v/A) with good reduction everywhere. The abelian variety A(A) is isogenous to
the product of this elliptic curve by its Galois conjugate. For A = 24 see [9]. We study
the other cases in a separate paper [10].



2. Ramification.

In this section we fix a prime p and a finite extension K of the field Q, of p-adic numbers.
Let K C L be a finite Galois extension of degree n. Put G = Gal(L/K). Let Ok and Oy,
denote the rings of integers of K and L respectively. Let e/ denote the inertia index
and let o € Op be such that O = Og[a]. Following Fontaine [3], we put iz /x(0) =
v (o(a) — a) for every o € G. Here vy is the valuation that is normalized by requiring
that a uniformizer of K has valuation 1. So, ir/x(c) is contained in ﬁz for o # id,
while ir,/x(id) = +oo. We put iy x = maxexidir/x(0) and ur/x = ik +ve(On/K)-
Here 0,/ denotes the different of L over K. Its norm is equal to the discriminant Ay /x.
Lk

The Herbrand function ¢,/ is the increasing, continuous and piecewise linear func-
tion defined by

The valuation vx (0, k) is equal to the valuation of the root discriminant 07,/x = A

¢k (x) =Y min(ip (o), ), (z € Rxo).
ceG

We have ur/x = é¢r/kx(ir k). See [3, Prop.1.3]. Alternatively, the invariant uy,x can
be characterized as follows. The i-th ramification subgroup of Gal(L/K) in the upper
numbering is trivial for ¢ > ur, x and ur, g is minimal with respect to this property.

If L and L' are two finite Galois extensions of K, then upr/ /x = max(ur,/x,ur /i)
This follows from [12, IV, Prop.14]. If K C L is a finite abelian extension, then uy x is
equal to the valuation of the conductor of L over K. See [12, XV, section 2, Cor. 3 of
Thm.1].

The following lemma is due to Abrashkin [2, section 3, Prop.1]. It is used to do the
computations in section 3.

Lemma 2.1. Let K C L C M be a finite extension and suppose that both L and M are
Galois over K. Then we have

M/L

u .
up/k = ur/k +max(0, —ir/K)-

€L/K

Equivalently, upr i is equal to ur g if upr/, < ip/xer/x, while it is % + v (0r/K)
otherwise.

(¢M/L(€L/K$))

Proof. Taking the derivative of the transitivity relation ¢n/x(7) = ¢r/k oy

for z € R>g, we find

bdnyrler k)

)qbgw/L(eL/Kx), fOI'.CCGRz().
€L/K

¢3\4/K(95) = ¢/L/K (

The formula differs from the one in [12, IV, Prop.15] because we use Fontaine’s normal-
ization rather than Serre’s [3, 1.1]. Derivatives of Herbrand functions are decreasing,
locally constant functions. If the function ¢/, K is discontinuous at 2’ € R>¢, then either

T K(%ﬁ:m) or ¢y, (er/xx) is discontinuous at z’. The rightmost discontinuities
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of ¢§\J/K, QSM/L and ¢L/K oceur at x =iy i, ing/r and i g respectively. Therefore iy
¢amy/r(er ko)
€y, L/K

M/L

is equal to max (-, zg) where zg € Rx>q satisfies

= ZL/K-

Since the functlon én/n(ern k) is increasing, we have zg > % if and only if

IM/L
ik = bn/(ern; ko) S ZYNACTIS eL/K) _ Umyn
€L/K o €L/K €L/K

SO, if UM/L < Z.L/KGL/K we have

(¢M/L(€L/K~’L’o) )

un /K = O/ (T0) = oK = ¢ k(ip)K) = UL/K-

€L/K

On the other hand, if up/;, > ip ke K, then we have iy = ‘M/Land hence

€L/ K

iM/L
€L/K

/e (e L/KeL//IL{) Ui/ L
=oL/K .

€L/K

UM/K = ¢M/K ( ) = ¢>L/K

€L/K

For x > i,k the function (bL/K is given by ¢r/x(v) =2z +ur/xk —ip/xk =T +v Kk (0K).
Therefore, the 1nequallty > ik leads to the formula

UpM/L UM/L

+vx (0 k) = up /K + -

UMK = —IL/K>

€L/K
as required.

A finite flat commutative group scheme over Ok is the direct product of a finite flat
group scheme of order prime to p and a p-group scheme, i.e. a finite flat group scheme of
p-power order. A finite flat group scheme of order prime to p is étale and the extension
K C L generated by its points is unramified. On the other hand, the points of a p-group
scheme G generate an extension L of K that may be ramified. However, the ramification
index uy,k can be bounded. Indeed, if G is killed by p™ we have

1
ur/k < vk (p) (m + Tl)

This was proved Fontaine [3]. The important case vk (p) = m = 1 was proved indepen-
dently by Abrashkin [1]. Since vk (ir/x) > 0, the bound implies the strict inequality

1
D -
v(01/K) < vk (p) (m+ . 1)
An example is provided by the group scheme p, over K = Qp In this case L = Q,((p )
and er /g = p—1. When p > 2 we have iy /g = vx((p, —1) = =5 and 01,/ = ({p — 1)P=2,
so that ur,/ g = 1.



3. Simple 2-group schemes.

Let F' be a number field and let Or denote its ring of integers. A finite flat commutative
group scheme G over O is simple if and only if its Galois module of points is irreducible.
This implies that it is killed by some prime number p. The number field E generated
by the points of GG is a finite Galois extension of F'. The field E has the following two
properties, the second of which follows from the work of Abrashkin [1] and Fontaine [3]:

— the extension F' C F is unramified outside p and infinity;
— up,r, < (1+ p%l)vp (p) for every prime p of F' lying over p.

Here F}, denotes the local field at p and Ej is the local field at a prime q of £ lying over p.
By v, we denote the valuation that takes the value 1 on a uniformizer of F},. Since F is
Galois over F', the index ug, ,r, defined in the previous section, only depends on p and
not on the prime q of E lying over it.

In the rest of this section we take p = 2 and let I’ be the narrow Hilbert class field of
a real quadratic number field of discriminant A < 21. So, F is one of the six fields Q(v/5),

Q(v2), Q(V13), Q(vV17), Q(i,v=3) and Q(v-T7,V=3).

Theorem 3.1. Let F' be the narrow Hilbert class field of a real quadratic number field
Q(VA) of discriminant A. Let E be the maximal extension of F inside an algebraic closure
that is unramified outside 2 and infinity and has the property that ug_;r, < 20, (2) for all
primes q of E lying over primes p of F' that lie over 2. If A < 21, then the Galois group
Gal(E/F) is a finite 2-group.

Proof. Put I' = Gal(E/F). We write I'” for its commutator subgroup. The restrictions
on the ramification imply that the maximal abelian extension F' C F” inside E is the ray
class field of F' of conductor 4 - oo, where oo denotes the infinite primes of F'. A short
computation shows that in all cases the fields F” are of the form F(,/O%) and the Galois
group I'/T” of F' over F is isomorphic to Klein’s four group Vj. The degrees [F’ : Q] are
equal to 8 except when A = 12 or 21 is which case they are equal to 16. In addition,
it turns out that for each prime p’ of F’ over a prime p of F' lying over 2 the equality
UR!, Ry = 2v,(2) holds.

Since the global different is a product of local differents, the last inequality of section
2 implies that the root discriminant dg of the field E satisfies

0p < 40p = 4VA < 4V21 = 18.33...
Odlyzko’s discriminant bounds [6] imply [E : Q] < 200 and hence [E : F'] < 200/8 = 25.
Therefore I and T" are solvable groups. It follows that E is equal to F” if and only if the
maximal abelian extension F” of F’ inside E is equal to F’. The Galois group of F"' over
F’"is TV /T”. We have
QvVA) ¢ F ¢ F ¢ F' c E.

Let p” be a prime of F” lying over p’ lying over a prime p of F lying over 2. Since the
u-invariant ugs ,r, attains its maximal value 20, (2), Lemma 2.1 implies that up» cannot
p p
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exceed ipr /g epr, /g, . It follows that I is equal to the ray class field of F” of conductor
p p
p/k With kf S ,I:FI,/FpeF/,/Fp'
P p
It is easy to compute ips , Fy and eps Fp- The values are listed in Table 3.2. The
p p

third column of the table contains the number of primes p of F' lying over 2. The fourth
column contains ugs s, , where p’ is a prime of I lying over p. The fifth contains v, (0F)
p

and the sixth iz ,r . The seventh column contains the ramification index of p’ over p.
p/

The exponent k = ip/ ,r,ep/ /F, is listed in the eighth column.
P p

Table 3.2.
A | F #p | u | v(®d) | i e | k
5 Q(V5) 1 2 |3/2 | 1/2 |4 |2
8 Q(V2) 1 4 |5/2 [3/2 |4 |6
12 | Q(i,V3) 1 4 |3 1 4 |4
13 | Q(V13) 1 2 |3/2 | 1/2 |4 |2
17 | Q(V17) 2 2 |1 1 2 |2
21 | Q(V=3,v/=7) | 2 2 |3/2 |1/2 |4 |2

In each case we used PARI/GP [7] to compute [F” : F’]. In all cases except A = 17
we find that this degree is 1. Since I is a solvable group, it follows that IV = T and
F" = F" = E, so that Gal(E/F) is isomorphic to Klein’s four group V4. This proves the
theorem for A # 17.

In the exceptional case A = 17 the field F"” is strictly larger than F’. More precisely,
let p} and p}, denote the two primes of F’ lying over 2. Then Lemma 2.1 implies that F" is
the ray class field of F’ of conductor p/*p,* = (2). A short PARI/GP computation shows
that F” is a quadratic extension of F’.

In order to have PARI/GP compute the maximal abelian extension F"” of F" inside F
we need explicit generators of the field F”/. We claim that F” = K', where K’ = Q(i, /)
and o = 5 + 217 = (2 — 1V/17)%¢, where e = 4 + /17. Indeed, K’ contains F’ and is a
cyclic degree 4 extension of the subfield K = Q(i,v/17) of F’. We have

QWV17) ¢ K c F c K.

Moreover, K’ is the ray class field of conductor 2 of K. Since the discriminants of K’ and
F" are equal, so are the fields themselves. Let F”” be the maximal abelian extension of F"
inside . By Lemma 2.1 the field F"” is contained in the ray class field of F” conductor
1+ 4. A PARI/GP computation shows that this ray class field is equal to F" itself. This
shows that F"/ = F" = E and hence that Gal(E/F') is a 2-group. This proves the theorem.

Next we apply Theorem 3.1 and determine the simple 2-group schemes over the rings
of integers of the narrow Hilbert class fields F of Q(v/A) for A < 21. Group schemes of
order 2 are always simple. It is easy to describe them. For every factorization 2 = ab for
certain a,b € Op, there exists a finite flat group scheme J, of order 2 over the ring of
integers O with algebra Op[X]/(X? — aX) and group law given by x + 2’ — bxz’. For
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a =1 and 2 we recover the group schemes Z/2Z and ps respectively. Two group schemes
J, and J,/ are isomorphic if and only if a/a’ € O}.. The Cartier dual of J, is J,. See the
first page of [13] for the computations. The following theorem says that in our case all
simple group schemes have order 2.

Theorem 3.3. Let F' be the narrow Hilbert class field of a real quadratic field of dis-
criminant A. If A < 21, then every simple 2-group scheme over Op has order 2. More
precisely, they are Z/2Z, us and in addition
— the selfdual group scheme J, where m = /2 for A =8 and m =i — 1 for A = 12;
— the group scheme J, and its Cartier dual J, for A = 17 or 21. Here nw’ = 2 and
W:%—l—%\/ﬁfOI“A:l?, Whi]@ﬁz%—i—%\/—_'?forA:ﬂ.

Proof. Let G be a simple 2-group scheme over Op. Then it is killed by 2. Let E’ be
the extension of F' generated by the points of G. By the theorems of Abrashkin [1] and
Fontaine [3], the field £’ is contained in the maximal extension E of F' that is unramified
outside 2 and infinity and that has the property that ug, /r, < 2v,(2) for all primes q of
FE lying over primes p of F' that lie over 2.

It follows from Theorem 3.1 that Gal(E/F) and hence Gal(E’/F) are 2-groups. Since
G(F) is a Galois module of order a power of 2, the Galois group Gal(E’/F) must have
non-zero fixed points. The assumption that G is simple then implies that it has order 2
and we are done.

4. Extensions involving Z /27 and ps.

In this section we study extensions of the group schemes Z/2Z and ps by one another
over the ring of integers O of a number field F'. We do so under the assumption that
the narrow class number hp of F'is odd. By class field theory this means that F' does not
admit any quadratic extensions that are unramified at all finite primes.

Let H be a finit flat group scheme over Op. We say that a finite flat commutative
group scheme G over Op is a successive extension of group schemes isomorphic to H, if it
admits a filtration with closed flat subgroup schemes 0 =Go Cc Gy C Gy C ... C G, =G
all of whose subquotients Gx11/Gj, are isomorphic to H.

Proposition 4.1. Let I’ be a number field with odd narrow class number hg. Then any
successive extension of group schemes isomorphic to Z /27 is constant and any successive
extension of group schemes isomorphic to o is diagonalizable.

Proof. A successive extension of group schemes isomorphic to Z/2Z is étale. Therefore
its points generate an unramified Galois extension of 2-power degree. Since hp is odd, any
such extension of F' is necessarily equal to F' itself. The result then follows from Galois
theory. The statement concerning o follows by Cartier duality.

We denote the group of extensions of finite flat commutative group schemes G by H
over a ring R by Ext}%(G, H). The previous proposition is equivalent to saying that the
groups ExtloF (Z/27,7/2Z) and Ext%)F(ug, t2) have order 2, generated by the extensions
0—Z/2Z — Z/AZ — Z/2Z — 0 and 0 — po — pq4 — 2 — 0 respectively.
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Proposition 4.2. Let F' be a number field with odd narrow class number hy. Then there
is an exact sequence

0 — {£1} — Ext}, (Z/2Z, j12) — O3/O0p> — 0.

Moreover, the natural map Ext%)F (Z/2Z, p1o) — Bxth(Z/2Z, ji5) is injective. In particu-

lar, any extension G of Z/2Z by pa over OF that is killed by 2 and for which Gal(F/F)
acts trivially on G(F'), is split.

Proof. Since the flat cohomology group H'(Spec(Of), G,,) is isomorphic to the narrow
class group of Op, it has odd order. Therefore the exactness of the sequence of flat
cohomology groups associated to the exact Kummer sequence 0 — pus — G,, = G, — 0
over O implies that H!(Spec(OF), u12) and hence ExthF (Z, p2) is isomorphic to O% /0%
An application of the contravariant functor Hom(—, ps) to the exact sequence 0 — Z —
Z — Z /27 — 0 gives the required exact sequence. We have similar sequences over F' and
over F rather than over Op. It follows that the group of points of the non-trivial extension
coming from the subgroup {£1} of EthoF(Z /27, ns) is cyclic of order 4. The second
statement follows from this and from the fact that the natural map O% /0% — F*/F*?
is injective. This proves the proposition.

We make the homomorphisms in the exact sequence of Proposition 4.2 more precise.
For € € O} we consider the Op-algebra

Or[X,Y]/(Y?-Y,X? —1+Y(1 —¢).

Its F-points are (1,0) and (4+/¢€, 1). There are two possible group laws, which we denote
by H and H_, depending on the sign in the addition formula

(z,y) + («',y) = (x2' (1 4+ (=1 £ Dyy"),y + v — 2uy").

The elements of Ext,(Z/2Z, pi2) are of the form H} or H_ . The group scheme H[ is
killed by 2, while the points of H_ form a cyclic group of order 4. The closed subgroup

scheme given by Y = 0 is isomorphic to po and the corresponding quotient group scheme
Z/27Z is Spec(Op[Y]/(Y? —Y)). The class of the extension

0 — py — HFY — Z/2Z — 0

in Extg, (Z, p12) is mapped to € in O%/O%”. The non-trivial extension in the kernel is the
group scheme H—;. This group scheme is defined over Z. Its group of points is cyclic of
order 4 and has trivial Galois action.

To prove the next result we consider base changes of 2-group schemes over Of to the
rings OF[%], Or ®Zy and Of ® Q2. For a prime p of Op, we let O, denote the completed
local ring at p. Writing F}, for the fraction field of O, we have O ® Zy = Hp\2 O, and



Proposition 4.3. Let F' be a number field with odd narrow class number hg and let H
be a 2-group scheme over O of order 2.

(i) If H is étale, it is isomorphic to Z/2Z. Moreover, ExtloF (H,Z/2Z) is a 1-dimensional
F>-vector space. The non-zero element is the class of the non-split extension provided
by Z/AZ.

(i) If H is not étale, then the Fo-dimension of Exty, (H,Z/2Z) is t — 1, where t denotes
the number of primes p of O for which H over O, is a local 2-group scheme.

Proof. Part (i) follows from Proposition 4.1. For (ii), let 7" denote the set of primes
of O for which H is not étale over the local ring O,. For every p € T" any extension
0— Z/2Z — G — H — 0 is split over O,. Since T # () this implies that G is killed by 2
over Op. For p ¢ T the group scheme G is étale over Oy,. It follows that the Galois action
is unramified at every prime. Since hr is odd, the action of Gal(F/F) on G(F) is trivial.
In other words, the extension is split over Op[1]. Since G is killed by 2 and the Galois
action on its points is trivial, the extension is split over O, for every p.

Since Hom(H, Z/2Z) is zero over O, for p € T' and T # (), the same is true over Op.
Therefore the Mayer-Vietoris exact sequence [11, Cor.2.4] becomes

0 — Homy,, 11(H, Z/2Z) x Homo, ¢z,(H, Z/2Z) — Hompeq, (H,Z/2Z) —

— Extg, (H,Z/2Z) — 0.

1
2

Let m denote the number of primes p of Op dividing 2. Then Hompgq,(H,Z/2Z) is an
m-~dimensional vector space over Fo, while Hompgz, (H, Z/2Z) has dimension m —t. Since
Homg . (1)(H,Z/2Z) has dimension 1, the result follows.

We describe the extensions in the group Extg,  (H,Z/2Z) of Proposition 4.3 (ii) under
the assumption that the primes in Op lying over 2 are principal. Then for some non-
unit divisor a € Op of 2, the group scheme H is isomorphic to the group scheme J,
introduced in section 3. Its algebra is Op[X]/(X? — aX). The elements of the quotient
group Hompgq, (H,Z/2Z)/Hompgz,(H,Z/2Z) are naturally identified with ordered pairs

of coprime principal ideals (a’), (") of O satisfying (a) = (a’a”). The elements of the

quotient by Homg 1)(H,Z/2Z) are naturally identified with unordered pairs. For every
factorization (a) = (a’a’) of this type there is an extension of J, by Z/2Z:

0—2Z/2Z — Jy X Jgr —> J, — 0,
The embedding Z/2Z < J, x J,» corresponds to the surjective algebra homomorphism
Or[X,Y]/(X? —d' X, Y? - d"Y) — Op[T)/(T* - T)

given by X — /T, Y — o”T. The morphism J,/ x J,» — J, corresponds to the algebra
homomorphism

Or[S]/ (8% —aS) — Op[X,Y]/(X? —d' X,Y? - d"Y)

given by S — a”X +d'Y —aXY.



5. A criterion.

In sections 6 and 7 we prove that over certain number fields there do not exist any non-zero
abelian varieties with good reduction everywhere. The strategy is to check the conditions
of the following proposition.

Proposition 5.1. Let F' be a number field and let p be a prime. If there is a constant
¢ > 0 so that for every finite flat p-group scheme G there is a filtration with finite closed
flat subgroup schemes

0 ¢ Gy c¢ Gy C G,

for which G is diagonalizable, G /G4 is constant and the exponent of G2 /G is at most c,
then there does not exist a non-zero abelian variety over F' with good reduction everywhere.

Proof. Let A be an abelian variety over F' with good reduction everywhere. For every
n > 1 the subgroup scheme A[p™] is finite and flat over Op. Therefore there is a filtration
as in the hypothesis of the proposition

0 ¢ Gy C G c Ap").

Put g = dim A. We choose a prime ideal of the ring of integers O that does not divide p.
Let F, be its residue field. Over F, the group scheme A[p"]/G; is étale. Since it is a
closed subgroup scheme of the abelian variety A/G3, its order is at most #(A/G2)(F,).
Since A and A/G; are isogenous, they have the same number of points over F,. Therefore
the order of A[p"]/G> is at most #A(F,).

The dual abelian variety A9"! is isogeneous to A and also has good reduction every-
where. Taking Cartier duals of the filtration of A[p"] we obtain a filtration of Adua![pn]
as in the hypothesis of the proposition. This time the étale group scheme GY is a closed
subgroup scheme of the abelian variety A4 /G’  where G’ is the kernel of the morphism
Adualipn] 5 GY. Since the orders of G; and GY are equal, it follows that the order of G
is at most #(A%/G")(F,) = #A(F,).

Finally, we observe that the group A[p"](F) can be generated by 2¢g points. The same
is true for every subquotient. Since the subquotient G2/G1 of A[p™] has exponent at most
¢, it has order at most c29. The fact that the order of the group scheme A[p"] is equal
to the product of the orders of the group schemes A/G5), G2/G1 and G1, implies that it
is at most #A(F,)%c?9. Since this bound is independent of n, while the order of A[p"] is
equal to p?™9, we must have g = 0 and hence A = 0.

This proves the proposition.

6. The cases A =5 and 13.

In this section we prove Theorem 1.1 for the discriminants A =5 and 13. The case A =5
was already taken care of by Abrashkin and Fontaine, using 3-group schemes rather than
2-group schemes. The case A = 13 is in a preprint by Hendrik Verhoek [14]. Our approach
involves only 2-group schemes.

In both cases the field F' = Q(v/A) is equal to its narrow Hilbert class field. Let Op
denote the ring of integers of F'. By Theorem 3.3 the only simple 2-group schemes over
Op are Z /27 and po.
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Proposition 6.1. Let F = Q(v/5) or Q(v/13). Over Or we have the following.
(i) Every successive extension of group schemes isomorphic to Z /27 is constant and every
successive extension of group schemes isomorphic to s is diagonalizable.
(ii) Every extension 0 — Z/2Z — G — po — 0 is split.

Part (i) follows from Proposition 4.1. Since in both cases there is only one prime in Op
lying over 2, Proposition 4.3 implies (ii).

We check the conditions of Proposition 5.1. Any 2-group scheme G over O admits
a filtration by closed flat group schemes H; and simple successive subquotients H;1/H;,
which by Theorem 3.3 are isomorphic to Z/2Z or us. If in this filtration there is a sim-
ple subquotient H;;/H; isomorphic to Z/2Z with adjacent subquotient H;yo/H; 1 iso-
morphic to ps, then the extension 0 — H,41/H; — H;yo/H; — H;yo/H;11 — 0 is
split by Prop. 6.1 (ii). Therefore we can modify the filtration and obtain a filtration
...CH; CHj | CHoC...sothat Hj ,/H; isomorphic to o while the subquotient
H;io/H] , isomorphic to Z/2Z. Loosely speaking, we can switch two adjacent subquo-
tients Z /27 and ps when puo is the right of Z/2Z. Repeating this we obtain, in the notation
of Proposition 5.1, a filtration

0 ¢ Gy ¢ Gy C G,

where (G is a successive extension of group schemes isomorphic to ps and G/Gs is a
successive extension of group schemes isomorphic to Z/2Z. In addition we have G; = Gs.
By Proposition 6.1 (i) the group scheme G; is diagonalizable while G/G5 is constant.
Proposition 5.1 therefore implies that there are no non-zero abelian varieties over F' with
good reduction everywhere.

7. The cases A =8 and 12.

In this section we deal with the discriminants A = 8 and 12. For these discriminants
Theorem 1.1 has already been proven using 3-group schemes rather than the 2-group
schemes that we employ here. The case A = 8 was taken care of by Abrashkin and
Fontaine, while A = 12 is covered by the main result of [11].

In the cases A = 8 and 12 the relevant fields are F' = Q(v/2) and F = Q(v/—3,1)
respectively. In both cases the prime 2 is ramified in F'. Let m € Op be a generator of
the prime lying over 2. Let O, denote the completed local ring at = and let F); denote
its field of fractions. By Theorem 3.3 there is next to Z/2Z and po a third simple group
scheme J, over Op. Here 1 = /2 for A =8 and # =i — 1 for A = 12. In both cases the
ideal (2) is the square of the ideal generated by . The group scheme J; is self-dual.

Proposition 7.1. Over O we have the following.
(i) Every successive extension of group schemes isomorphic to Z /27 is constant and every
successive extension of group schemes isomorphic to us is diagonalizable.
(ii) The extension groups Ext (2, Z/2Z), Exty, (2, Jx) and Extg, (Jx, Z/pZ) vanish.

Proof. Part (i) follows from Proposition 4.1. Since in both cases there is only one prime
in O lying over 2, Proposition 4.3 implies that Ext(, (p2, Z/2Z) = Extg, (Jx, Z/pZ) = 0.
By Cartier duality Ext})F (2, Jr) is also zero.
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Arguing as we did for the cases A = 5 and 13 in the last paragraph of section 6,
we find that every 2-group scheme G over Op admits a filtration with finite closed flat
subgroup schemes

0 ¢ Gy ¢ Gy C G,

for which G; is diagonalizable, G/G5 is constant and G2/G1 is a successive extension of
group schemes isomorphic to J,.. Below we show that for both A = 8 and 12 the group
scheme G5/ is annihilated by 2. Therefore Proposition 5.1 implies that there does not
exist a non-zero abelian variety over F' with good reduction everywhere.

Proposition 7.2. Let F' = Q(i,/—3). Then every extension over O
0O—J,—H —J,—0

is split. Every successive extension of group schemes isomorphic to J is killed by 2.

Proof. Let H be an extension of J, by J; over Op. Greither has computed these
extensions over the local ring O,. For k > 1 let Uy denote the subgroup {u € OF : u =
1 (mod 7%)} of O%. By [4, Cor. 3.6] the group Ext¢ (Jx,Jr) is isomorphic to Us/U3.
Since U2 = Us, this extension group has order 4. The extension H, corresponding to
u € Uz is killed by 2. Tts points generate the field Fy(y/u). Since Uz N 0}2 = U3, the
extension H,, is split if and only if the Galois action on its points is trivial.

For every v = 1 (mod 73), the discriminant of Fy(y/u) is at most 72. It follows that
the conductor of the number field E generated by the points of H over F' is at most 2. A
short computation shows that the ray class field of F' of conductor 2 is equal to F' itself.
It follows that the Galois action on H(F) is trivial. Therefore H splits over O, as well as
over Op[3]. It follows then from the exactness of the Mayer-Vietoris sequence [11, Cor.2.4]

that H is split over Op, as required. The second statement is clear.

Proposition 7.2 does not hold for A = 8 and F = Q(v/2). We have the following
instead.

Proposition 7.3. Let F' = Q(v/2). Then the group ExtloF(Jm Jz) has order 2. In other
words, there exists a unique non-split extension over O

0—J,— 7T — J, —0.

The group scheme Y is self-dual and killed by 2. Every successive extension of group
schemes isomorphic to J is killed by 2.

Proof. We can repeat most of the proof of the previous proposition. Near the end things
become more complicated because the ray class field of conductor 2- oo of F' is not equal to
F', but rather to the quadratic extension F'(i) = Q((g). It follows from from the exactness
of the Mayer-Vietoris sequence [11, Cor.2.4] that Ext, (Jr, Jx) has order 2, as required.
Since it is unique, the non-split extension Y is self-dual. By Greithers local results [4,
Cor. 3.6], it is killed by 2.
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We prove by induction that every successive extension of group schemes isomorphic
to Jr is killed by 2. Indeed, let

0—H —>Hy—...—> H,

be such an extension. The statement is obvious for n = 1. When n = 2 there are only
two possibilities for H,,. It is either isomorphic to Y or to J; x J,. In either case it
is killed by 2. For n > 3 consider Hs. If H, is isomorphic to Y, then the extension
0 — Hy - H, — H,/Hs — 0 splits. It follows by induction that H,, is killed by 2. The
other possibility is that Hy is isomorphic to J, x J. In this case Hy admits two distinct
closed flat subgroup schemes Gy and G{, both necessarily isomorphic to J,. The natural
morphism H, — H, /Gy x H, /G| is injective. By induction both H,, /Gy and H,, /G| are
killed by 2. Therefore, so is H,,.
This proves the theorem.

Out of curiosity we determine the Hopf algebra of Y. Its points generate the quadratic
extension F'(i) of F'. Since T admits is a closed subgroup scheme H isomorphic to J, and
since Y/ H is also isomorphic to J;, it seems reasonable to guess that the Hopf algebra is
of the form

Or[X,Y]/(Y? = V2Y, X% — V2X + uY).

The equation Y = 0 cuts out the closed subgroup scheme H. The subalgebra Op[Y]/(Y? —
V2Y) is the Hopf algebra of the quotient Y/H. The element v € Op must have the
property that the discriminant 2 — 4ur/2 of the polynomial X 2 _ \/2X + uV2 is of the
form —v? for some v € Op. With the choice u = 1 + /2 the discriminant is —(2 4 v/2)?
and the points of Y are (0,0), (v/2,0), (a,v/2) and (@, v/2), where o = L\E@

Choosing the point (0,0) as the neutral element, the addition formula is of the form
(z,y) + (2',y) = (x + 2’ + g(z, 2", y,9),y +y — V2yy'), for a certain polynomial g. The
coefficients of g are determined by solving a system of six linear equations in six unknowns
obtained from the additive relations between the three non-zero points. The resulting
addition formula is

(z,y) + (2, 9) = (x + 2’ — V222" + (V2 — D)yy'(1 — V22)(1 — V22'),y + ¢ — V2uy)).

The following proposition alloows us to apply proposition 5.1.

Proposition 7.4. The extension groups Ext%)F(JW, Y) and Extg, (Y, Jx) both vanish.

Proof. By Cartier duality the two extension groups are isomorphic. It suffices therefore
to show that any extension

0— Y —V-—J,—0
is split. Let J denote the unique order 2 subgroup scheme of Y. Both J and Y/J are
isomorphic to J;. Applying the functor Homp,, (J;, —) to the short exact sequence 0 —

J =T — YT/J — 0 we see that the natural map ExtbF(Jﬂ,T) — ExtbF(J,r,T/J) is
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injective. Suppose the extension V is not split. Then the image of V' in Exty, (I X))
is also non-split. In other words, the extension

0—7Y/J—V/J— J:—0

is non-split. This can only happen when I_// J is isomorphic to Y. We choose generators
e1, ez, ez of V(F) as follows. Let e; € J(F), ex € Y(F) — J(F) and e3 € V(F) — T(F).
Then the Galois action of o € Gal(F'/F) on V(F) is given by the formulas

a(el) = €1,
o(ez) =ex+ x(o)er,
o(es) = ez + x(o)ez + ¢(o)er.

Here x : Gal(F/F) — Fs is the character corresponding to the quadratic field extension
F C F(i) and % is an Fy-valued map on Gal(F/F). A short computation shows that for
every o € Gal(F/F) its square o2 fixes e; and e, while 02(e3) = e3 + x(c)ey. It follows
that the field E generated by the points of V' is a cyclic extension of F' of degree 4.

Since V is killed by 4, it follows from section 2 or [3, Théoreme A] that the conductor

of E is 7% where k is at most v,(2)(2+ 1) = 6. Since 7° = V2° = 8 and since 3 + 2/2 is
a generator of the totally positive units, the ray class group of F of conductor 7% - 0o is
isomorphic to (Z[v/2]/8Z[v/2]/)*/(3 + 2v/2). A short computation shows that this group
has exponent 2. Since E is contained in the ray class field 7% - 0o, this shows that E cannot
exist. This means that the extension V' is split. This proves the proposition.

It follows that Ext (G,T) and Ext} (Y, G) vanish for every group scheme G that
is a successive extension of group schemes isomorphic to J;. By the arguments at the end

of section 6, Propositions 7.2, 7.3 and 7.4 imply that the conditions of Proposition 5.1 are
satisfied for the field F' = Q(v/2).

8. The cases A =17 and A = 21.

In this section we prove Theorem 1.1 for the discriminants A = 17 and A = 21. Let F
denote the narrow Hilbert class field of Q(v/A). In both cases the narrow class number hp
of F'is 1 and the unit group O} is generated by —1 and a unit € of infinite order. In both
cases the prime 2 splits into a product of two distinct primes 7 and 7’ of Or. To be specific,
for A = 17 we have I = Q(\/ﬁ) and 2 = —7’ where ™ = %+% 17 and 7’ = % — %\/ﬁ
The unit ¢ is 4 + v/17. On the other hand, for A = 21 the narrow Hilbert class field is
F = Q(v-3,v/—T7). We have 2 = n’ where 7 = 2 + /=7 and 7/ = 1 — 1/=7. In this
case € = %(\/—_3 ++/=7). Let O, and O, denote the corresponding completed local rings.

By Theorem 3.3 there are four simple 2-group schemes over Og. They all have order 2.
They are Z/2Z, us and the group schemes J, and J, introduced in section 3. They are
Cartier dual to one another. We proceed by computing the possible extensions of these
four simple group schemes by one another.

Theorem 8.1. Over O we have the following.
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(i) Any successive extension of group schemes isomorphic to Z/2Z is constant; any suc-
cessive extension of group schemes isomorphic to s is diagonalizable.
(ii) The group Ext¢, (pa2,Z/2Z) has order 2. The unique non-trivial extension is of the
form
0—Z/2Z — J; X Jp —> o — 0.

(iii) The four extension groups Exty, (Jr, Z/2Z), Ext, (Jur, Z/2Z), Exty, (2, Jr) and
ExtloF (2, Jxr) all vanish.
(iv) The extension groups Extg, (Jx, Jx) and Ext%)F(Jﬂ/, Jz) both vanish.

Proof. Since hp = 1, part (i) follows from Proposition 4.1. Parts (ii) and (iii) follow from
Proposition 4.3 (ii) and Cartier duality. To prove (iv), it suffices to show that an exact
sequence over Op

0—J,—G—J., —0

must split. Since J, is étale over O, and J. is local over O,s, the extension is split
over O,,. This implies that G is killed by 2. Over O, the extension looks like

0 — o — G—7Z/2Z — 0.

By the results of section 4, locally over O, the points of G generate a field that is ob-
tained by extracting a square root of a unit in O}. Therefore the local conductor of the
corresponding quadratic character, is at most 2.

We proceed by proving that Gal(F/F) acts trivially on G(F). Since F is totally
complex for A = 21, while it is totally real for A = 17, the proof diverges at this point.
For A = 21 the field F' has no real infinite primes. A short computation shows that the
ray class group of F of conductor 72 is trivial. Therefore the Galois action on G(F) is
trivial.

For A = 17, the field has two real infinite primes. The field extension F' C E generated
by the points of G is a subfield of the ray class field of conductor 72 - co. Since G splits
over O, the Galois group Gal(FE/F') is isomorphic to the 3-dimensional Fy-vector space
V = (0/(7?))* x {£1} x {£1} modulo the subgroup generated by the images of the units
—1 and € = 4+ /17 and the Frobenius element /. With respect to a suitable Fs-basis of
V', these images are the row vectors of the following matrix

1 1 1
0 0 1
01 0

Since the matrix is invertible, the extension field E' is equal to F' and once again the Galois
action on G(F) is trivial.

In both cases G is split over Op[3]. Proposition 4.2 implies that G is also split over O.
By the exactness of the Mayer-Vietoris sequence G is then split over Op. See [11, Cor.2.4].
This proves the theorem.

Arguing as in the last paragraph of section 6, we find that every 2-group scheme G
over Op admits a filtration with finite closed flat subgroup schemes

0 ¢ Gy Cc Gy C @G,
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for which G is diagonalizable, G/G5 is constant and G5 /G is a product of two 2-group
schemes, one being a successive extension of group schemes isomorphic to J, and the other
a successive extension of group schemes isomorphic to J,.. Below we show that G2/G1 is
killed by some absolute constant c¢. We can take ¢ = 2 for A = 21 and ¢ = 8 for A = 17.
This is the content of Propositions 8.2 and 8.3. By Proposition 5.1 they imply that there
does not exist a non-zero abelian variety over F' with good reduction everywhere.

Proposition 8.2. Over the ring of integers Op of F = Q(v/—3,+/—7) the extension
groups Ext%)F (Jr, Jr) and ExtIOF (Jrry Jnr) vanish. Over O every successive extension of
group schemes isomorphic to J is killed by 2. The same is true for successive extensions
of group schemes isomorphic to J,.

Proof. It suffices to show that every extension over Op
0 —Jg—G—J,—0

splits. The group scheme G is étale over O, and multiplicative over O,. If G were
not killed by 2, then Gal(F/F) acts on G(F) through a quadratic character x that is
unramified outside 7’ and for which wx ™! is unramified over O,,. Here w denotes the
cyclotomic character of conductor 4 = w27’ 2. Therefore x has conductor 7/2. Since the
ray class group of F' of conductor 72 is trivial, this leads to a contradiction.

Therefore G is killed by 2. It follows that the Galois action is necessarily unramified
at all primes. Therefore it is trivial. This implies that G is split over O F[%] and also over
both O, and O,/. The exactness of the Mayer-Vietoris sequence implies therefore that G
is split over Op.

The last two statements are clear. This proves the proposition.

Proposition 8.2 is false for F = Q(v/17). There does exist a non-split extension
of the group scheme .J, by itself. Since the ray class group of conductor 72 - oo is a
quadratic extension of F', the equivalence of categories [11, Prop. 2.3 and Cor.2.4] implies
that Ext . (Jx, Jx) has order 2. Similarly, the group Extg o (Jxr, Jrr) has order 2. Here is
an explicit description of the unique non-split extension G of J; by itself. It is the order
4 group scheme whose algebra is

Or[X,Y]/(X? —7X +Y,Y? - 1Y)
and with group law given by
(z,y) + (2',y) = (z + 2’ + 7’22’ — L+ 7'2)1+ 7’2 )yy',y +y' + 7'yy/).

The points of G are defined over the quadratic extension F(y/—¢) of F. The group G(F)
is cyclic of order 4. Multiplication by 2 is given by the formula

(z,y) = (y,0).

So, the closed subgroup scheme given by Y = 0 is the kernel this morphism. The cokernel
is the spectrum of the subalgebra Or[Y]/(Y? — 7Y). The discriminant of G is 8. The
conjugate of GG is also its Cartier dual.
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Proposition 8.3. Let F' = Q(\/17). Every successive extension over O of group schemes
isomorphic to J; has exponent at most 8. The same is true for every successive extension
of group schemes isomorphic to J,.

Proof. Let n > 1 and let H be a 2-group scheme that has exponent 2" and is a successive
extension of group schemes isomorphic to J,. Its Cartier dual H" also has exponent 2"
and is a successive extension of group schemes isomorphic to J,. Let F’ be the field
extension of I’ generated by the points of H and, similarly, let F” be generated by the
points of HY. The field F’ is unramified outside 7’ - 0o and F" is unramified outside 7 - oc.
Since the narrow class number of F'is 1, it follows that we have F' N F" = F.

Since O} is isomorphic to Z3, class field theory implies that the Galois group of the
maximal abelian extension of F' inside F’ is a quotient of the group Z3 x {£1} x {*1}
modulo the images of the units —1 and . The latter group is isomorphic to Klein’s four
group Vj. Similarly, the Galois group of the maximal abelian extension of F' inside F”' is
a quotient of V4. It follows that the Galois group of the maximal abelian extension E of
F inside F'F" has exponent 2. However, by Cartier duality E contains the 2"-th roots of
unity. Since Gal(F((2n)/F’) isomorphic to (Z/2"Z)*, it follows that n < 3.
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